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On perturbations of the fractional Yamabe problem 

Woocheol Choi, Seunghyeok Kim 
February 9, 2015 


Abstract 

The fractional Yamabe problem, proposed by Gonzalez-Qing (2013) El, is a geometric 
question which concerns the existence of metrics with constant fractional scalar curvature. 

It extends the phenomena which were discovered in the classical Yamabe problem and the 
boundary Yamabe problem to the realm of nonlocal conformally invariant operators. We 
investigate a non-compactness property of the fractional Yamabe problem by constructing 
bubbling solutions to its small perturbations. 
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1 Introduction 


Suppose that (A /V+l , g + ) is an asymptotically hyperbolic (A.H.) manifold with the conformal in¬ 
finity ( M n , [/?]) and Pi = P s [g + ,h] is the fractional Paneitz operator with the principal symbol 

h 

(-A 0 s . We are concerned with two low order perturbations of the fractional Yamabe equation 


„ N+2s , ^ 

Pin + fu = UN- 2 s ±e 
h J 

on ( M , h). 

u > 0 

on (M, li), 

(1±) 

N+2s 

on ( M , li). 


on ( M, li) 


P .« + efu = un- 2 s 

h J 

u > 0 

(2) 


where / is a C^-function on M, e > 0 is a small parameter and s e (0,1). (Equations (1+) and (1_) 
correspond to the supercritical and subcritical problem, respectively.) As one can observe, CD 
is a manifold analogue of the fractional Lane-Emden-Fowler equation with a slightly subcritical 
or supercritical exponent, while © can be viewed as a version of the fractional Brezis-Nirenberg 
problem on A.H. manifolds. 

For s € (0,1), Gonzalez-Qing Il29l and Gonzalez-Wang lf30l studied the fractional Yamabe 
problem which is a geometric problem to find a metric ho in the conformal class [h] of h with the 

constant fractional scalar curvature Qi = Pi (1). The existence of such a metric follows from a 

ho h 0 

solution of the non-local equation 

N+2s /v /v 

Piu-cu N ~ 2s on (M, h), u> 0 on (M, li) (3) 

with some c e R. As in the classical Yamabe problem, the sign of c depends on that of the 
fractional Yamabe invariant 


gi(M) = inf 

h he[h] 


Im QS h dvh 

N-2s 

(L dv >) N 


inf 

ueC°°(M), 
u> 0 



(4) 


and the fractional Yamabe problem is solvable if the inequality 

-o° < /r?(M) < n s hc (s N ) 


holds where the manifold ( S N ,h c ) is the A-dimensional unit sphere with the canonical metric as 
the boundary of the Poincare ball. In Il29l l30l . it is shown that the above inequality is valid for 
A.H. manifolds with non-umbilic boundary or the non-locally conformally flat A.H. manifolds 
with umbilic boundary under some additional dimensional and technical assumptions. 

Since the operator Pi = P s [g + ,h\ reduces to the conformal Laplacian if s = 1 and (Y, g + ) 
is Poincare-Einstein (refer to ( fIT)1 ) ). the fractional Yamabe problem can be understood as a direct 
generalization of the classical one towards the non-local conformally invariant operators. This 
fact being one of the reasons, recently intensive studies on the fractional conformal operators have 
been conducted by lots of researchers. We refer Il28l 136 1 :T) [O, 331 (34l ES BH1 and references 
therein where closely related problems to ours, e.g., the singular fractional Yamabe problem, the 
fractional Yamabe flow and the fractional Nirenberg problem are investigated. 


After the classical Yamabe problem is completely solved by the contribution of Yamabe, 
Trudinger, Aubin and Schoen ll53l BTl [4l [49l, Schoen proposed a question on the compactness 
of its solution set. Remarkably, it turned out that the solution set is indeed compact in the C 2 - 
topology provided that the dimension of the background manifold is at most 24 lf37l , but it may 
be false for some manifolds whose dimension is greater than or equal to 25 ||6] [3 . 

and © in the local case 5=1 have 


Furthermore, as a low order perturbation, equations ([E 


been in the limelight (see Il40l [19 , 201 ; 2ll [22] 14511471 [26ll among other possible references). It was 
revealed that these equations also have an interesting feature. In particular, if the operator P\ + f 
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is coercive, then the solution set of (1_) should be compact when N > 3 and / < 0 in M ( 1201 ). 
but non-compact in the case that N > 4 and there is a region of M where / > 0(0303). 

The main objective of this paper is to extend previous results regarding the compactness or 
stability property of conformal operators to the nonlocal setting s e (0,1) by considering © 
and ©. As a result, a perturbation of the boundary Yamabe problem (corresponding to the case 
s - 1/2) is partly covered here as a byproduct of our main results in the case of CD- For the 
existence results of the boundary Yamabe problem in the Euclidean case and in the setting of 
compact Riemannian manifolds, see Adimurthi-Yadava 0, Escobar If23l and Marques I l42l . We 
also should mention that equations with s - 2 (see (TTTh ) were investigated in Deng-Pistoia 1081 
and Pistoia-Vaira 06j- 


For the existence of solutions to the fractional Yamabe problem, equivalent minimization prob¬ 
lems to © which only contain local dilferential operators can be derived by exploiting the exten¬ 
sion theorem of Chang and Gonzalez 1021 . The authors of Il29l 1301 utilized this observation to 
deduce the existence result, instead finding a minimizer that attains the Yamabe invariant //I (M) 
in a direct manner. After the fundamental extension result of Caffarelli and Silvestre flol for 
the fractional Laplacians on M. N , such a standpoint, introducing and studying equivalent extended 
local problems rather than considering nonlocal problems itself, has been highlighted by many 
researchers. See for example [|9l; 5J[50-, E1 [6] 04l l and references therein. In this paper, we keep on 
use this strategy. 

According to 1021 (see Proposition ^. 1 I below). it is natural to consider the following degenerate 
equation with the weighted Neumann boundary condition 

- div (p^VU) + E(p)U = 0 in (X, g) and d s v U = 0 on (Af, h) (5) 


where 


diU := -k s • lim p 1 2s 
p^> o+ 


dU_ 

dp 


with k s 


ns) 

2'- 2 T(l - s) 


( 6 ) 


(v is the outward normal vector to M = dX) in order to understand equations with the fractional 
Paneitz operator PL Let H be the trace of the second fundamental form n of (M, h ) as the boundary 
of (X, g) and H x {X\ p x ~ 2s ) the weighted Sobolev space whose precise definition is given in Section 
0] Our paper deals with the situation when the first eigenvalue of © is positive (modulo the effect 
of the function / to be introduced below), that is, there exists a constant C > 0 such that the 
inequality 




- s \VU\l + E(p)U 2 )dv, 


g + 


f fU 2 dv h >C f p 1 
Jm Jx 


2s U 2 dv 3 


(7) 


holds for arbitrary functions U e H l (X',p l 2s ), where the function / on M is defined to be 


f = 


if CD is considered, 
if © is considered. 


Under the coercivity assumption ©, we have the following non-compactness result for ([L 


Recall that for any C 1 function (// on A/, a critical point xq e M is called to be C 1 -stable if there 
is a small neighborhood A of xq in M such that ViJj(x) = 0 for some x e A implies x = xo and 
deg(Vt/f, A, 0) L 0 (see If39l t. Here deg denotes the Brouwer degree. It is well-known that any 
isolated local minimum point and maximum point is a C 1 -stable critical point. Moreover, so is a 
nondegenerate critical point if ip is a C 2 -function. 


Theorem 1.1. Suppose that s e (0,1), N > max{4.v, 1} and El = 0 if s € [1/2,1). Assume also that 
© is true. 

1. If the function f possesses a C x -stable critical point (To e M such that /(cq) > 0, then for 
sufficiently small e > 0 equation (1+) admits a positive solution u, e C ] ^(M) which blows 
up at ctq as e —> 0. 
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2. If the function f possesses a C l -stable critical point o~o e M such that ficrf) < 0, then for 
sufficiently small e > 0 equation (1_) admits a positive solution u £ e C ] ^’(M) which blows 
up at (To as c —> 0. 


Here the Holder exponent fl € (0, I) is determined by N and s. 

Furthermore, we can obtain an existence theorem for 0 where the geometric object H plays an 
important role. 


Theorem 1.2. Suppose that s e (0, I /2), N > 2, as well as ([7} hold. Also, let A : M —> [0, oo] be 
a function defined as 


A(cr) = - 




-41V(1 - 2s)sd\f{cr) 


f2N{N - 1) + (1 - As 2 ))d s H{(r) 


ifH{cr) + 0 and — 6 (-oo,0]. 


H{&) 


otherwise 


where the positive numbers d\ and d s are given in Subsection 16. / I If (Ao,cr 0 ) := (2(cr 0 ), cr 0 ) is a 
C 1 -stable critical point of the function 


/(4,cr) = ^/(<r)4 2i + 


2N(N - 1) + (l - 4s 2 ) 
4/V( I -2s) 


d s H{cr)A 


for (A, cr ) e (0, oo) x M 


such that AUtq) > 0, then for e > 0 small enough equation (0 has a positive solution u, 6 C 1 ^(M) 
which blows up at cry as e —> 0. Furthermore cry is necessarily a critical point of the function 
\f\/\H\ 2s on M. The exponent (] 6 (0,1) again depends on N and s. 


The analogous existence results to ours in the Euclidean setting, that is, a proof for the exis¬ 
tence of solutions for the fractional Lane-Emden-Fowler equation and the Brezis-Nirenberg prob¬ 
lem in smooth bounded domains of ~E. N can be found in lfT4l fT7ll . While we are studying here a 
small perturbation of equation 0 defined on general manifolds to understand its non-compactness 
characteristic, one may address a dual problem: to construct a particular metric for which original 
equation 0 has the solution set that is not L°°-bounded. It is investigated in f38l . which extends 
13 0 3] |53 to a nonlocal setting. 

To deduce our existence result, we shall employ the finite dimensional Lyapunov-Schmidt re¬ 
duction method. As far as we know, this paper is the first attempt to apply the reduction procedure 
towards equations with the fractional Paneitz operators defined in general manifolds. For applica¬ 
tions of the reduction method to the fractional Laplacians in the Euclidean setting or the fractional 
Paneitz operators under a particular choice of the metric, we refer to IIT4I fT6l [3%1 and so on. 

Our problems require more delicate computations compared to problems on Euclidean spaces. 

The main reason making them harder is that the fractional Paneitz operator Pi = P s [a + ,h\ depends 

h 

not only on the metric li on the boundary M, but also on the metric g + in the interior X. In other 
words, the boundary M does not contain whole information in contrast with problems with frac¬ 
tional Laplacians (-A) s on the Euclidean spaces, and so it is inevitable to look carefully how the 
interior X plays a role in our problem. This is achieved by inspecting the extended problem given 
in Proposition 12. 1 1 To overcome the other difficulties we face, we have to also establish a certain 
regularity result (Lemma 13.31 ). compute decay of the 5-harmonic extensions of the bubbles (fl9l ) 
(Lemma [3.5l) . use the weighted Sobolev trace inequality (120 ) for compact manifolds elaborately, 
employ the dual characterization of the norm (1291 ) in estimating the error term (Lemma [4. II ) and 
others. 


Notations. 

- An element of the upper half space R+ +1 is denoted by (jc, t) where x e R ,v and t > 0. 
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- For any weakly differentiable function U on R^ +1 , we denote V X U = (d X] U, - ■ ■ , d XN U) and 
VU ~ (V X U, d,U). Also d Xj is often written as d,. 

- B + r - B N+l (0,r) n R+ +1 is the (N + l)-dimensional half open ball of radius r centered at the 
origin. 

- u + = max{«,0} and = max{-»,0}. 

- T denotes the Gamma function. 

- For any N e N and s 6 (0, min{ 1, A/2}), we denote p = jppr s - 

- C > 0 is a generic constant, which may change line by line. 


2 Preliminaries 

In this section, we present some geometric and analytical backgrounds to understand our problem. 
Most of materials are taken from fl2l[29 . 23., TO] l8ll. 


2.1 Review on conformal fractional Laplacians 

Let ( X N+l ,g + ) be an (N + l)-dimensional smooth Riemannian manifold with the boundary M N . 
We call a function p on the closure X of X a defining function of the boundary M if p > 0 in X, 
p = 0 on M and dp d 0 on M. The manifold (X, g + ) is said to be conformally compact (C.C.) if 
there is a defining function p making (X, g) be compact where g := p 2 g + . Also, given the metric 
h = dl/w- the boundary (M, \h ]) with the conformal class [h] of h is called the conformal infinity. 
A C.C. metric g + is asymptotically hyperbolic (A.H.) if the sectional curvature approaches to -1 
at the infinity M, whose model case is the hyperbolic space: 


(X,p + ) = (H w+1 , 0h ) = 



\dx\ 2 + dt 2 \ 

^ j 


or 


( pN +i 4(|r/x| 2 + dt 2 ) \ 
l ’ (1 - \x\ 2 -t 2 ) 2 }' 


According to Graham-Lee BTj . for an A.H. manifold X and a representative h for the confor¬ 
mal class on (M, [/?]), there is a unique special defining function such that 

g + = p~ 2 (dp 2 + /i p ), h p = h + 0(p) 

near M. It is called the geodesic boundary defining function. 

Suppose that z e C, Re(z) > N/2 and / e C°°(M). Then, by |[43l 1321 . unless z{N - z) is an 
Lr -eigenvalue of - A CJ +, the following eigenvalue problem 

[~A g+ - z (N - z)] V = 0 in X (8) 


has a solution of the form 


V = Fp N - z + Gp z , F,G e C°°(X) and F| p=0 = /. 


(9) 


Throughout the paper the existence of such a solution is always assumed. The scattering operator 
on M is then defined to be 

S (z)/ = G\ m , 


which is a meromorphic family of pseudo-dilferential operators in {z e C : Re(z) > N/2}. In 

addition, we introduce its normalization so called the fractional Paneitz operator Pi , namely 

h 


pi - /■'[</./ii = 




. _. for s i ' 

r( l - ,v) V2 I 

k (-l) i- 2 2i X!(i - 1)! • Res z =N/2+ s S (z) for 5 e 
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whose principal symbol is exactly (-A^)h In the special case that (X, g + ) is Poincare-Einstein 
(both C.C. and Einstein) and s = 1 or 2, we have 


, N-2 

P,u = -A ;ii H- Riii 

h h 4(A ^ _ h 


( 10 ) 


the usual conformal Laplacian, and 

Pju = (-A fl ) 2 u - div^ {{c\R{h - c^Ric,-) du) + (11) 

the Paneitz operator. Here Q stands for the Branson’s Q-curvature and ?i,C 2 > 0 are constants. 

The important property of PI is that it is conformally covariant in the sense that 

h 

N+2s 

P s = if N 2 ' PUii(p) for any function it > 0 on M. 

flU N~2s " 

Finally, we set the fractional scalar curvature Ql by PJ(\). 


2.2 Caffarelli-Silvestre’s result IflOl and Chang-Gonzalez’s extension lH2ll 


In this subsection, we recall the observation of Chang and Gonzalez ITU which identifies two 
fractional Laplacians arising in different contexts: one given as normalized scattering operators 
If32il described above and one originated from the Dirichlet-Neumann operators due to Caffarelli 
and Silvestre IflOl . 


For s e (0,1), let D 1 (R+ +1 ; Zi ) be the completion of C“(R+) with respect to the weighted 
Sobolev norms 

\l/2 


II^Ud'OR^ 1 ;? 1 -^) ?1 2s \VU(x,t)\ 2 dxdt 


with the weight t l 2s . Furthermore, we designate by H S (R N ) the standard fractional Sobolev space 
given as 


H s 



|« e L 2 


(®- W ) : ll»llff*(RiV) 



\V2 

\z\ 2s )\m\ 2 dA 


< oo 


where u denotes the Fourier transform of u, and define the fractional Faplacian (-A) v : H S (R. N ) —> 
) to be 


((^AFw)(£) - (27r|^|) 2i ii(^) for any ^ 6 R N given u e H s (r*) . 

In the celebrated work of Caffarelli and Silvestre IflOl . the authors found that if U e D l ( R^ +1 ; t l 2s ) 
is a unique solution of the equation 

( div(f 1-2i Vt/) = 0 in R^ +1 , 

{ U ( x , 0) = u{x) for x e R N , 

provided a fixed function u € H S (R N ), then (-A ) s u = d s v U\ R N where the definition of the weighted 
normal derivative d s v is given in ©. Fet us call this U the .s-harnionic extension of u and denote it 
by ExC(w). 

It turned out that this extension result is a special case of the following proposition obtained 
by Chang and Gonzalez Ifl2l . We also refer to Section 2 of If29l . 
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Proposition 2.1. ( FTI\ Theorem 5.1 and Theorem 4.3]) Let ( X N+1 ,g + ) be an asymptotically hy¬ 
perbolic manifold with the conformal infinity (M N , [/?]) and p the geodesic defining function ofh. 
Assume also that H = 0 if s & (1/2, 1). For a smooth function u on M, ifV is a solution of © and 
satisfies © in which f is substituted with u, the function U := p z N V solves 

-div(p 1-2i Vf/) + E(p)U - 0 in(X,g ) and U-u on(M,h) 
given that E(p) p -1-z (- A CJ + — z(N — z ))p N ~ z , 2z := N + 2s and g := p 2 g + . Moreover, 


ps f d s v U for s 6 (0,1) \ i 1/2}, 

\ dlU + ^-Hu fors= 1/2. 


Here H denotes the trace of the second fundamental form (nij) = (V^ p di,dj)j^ on M = OX and 

the operator d s v is the weighted normal derivative defined in © with t replaced by p. 

For sufficiently small r\ > 0, it also holds that 

E(p ) = \RyP l ~ 2s - (v + N(N + l^p- 1-2 *] on M x (0, n). (13) 

Remark 2.2. Since it holds that 


R g+ = -N(N + 1) + Npdp log(det h(p)) + p 2 R- g on M x (0, r,) 
and 

dp log(det h(p))\ p=0 = Tr(/j(p) _1 5 p /j(p))|^ =o = -2 H, 
the remainder term E(p) in (IT3l) is reduced to 

E(p)(z) = - ^ N 4 2 '' V j dp log(det h{p)){cr)p~ 2s 

= “(~4~) dp log(det h(p)) \p=0 ( cr )P~ 2S + °(p 1_2 ' V ) = 2 2 V ) H(<t ^P~ 2S + 0(p l ~ 2s ) 

(14) 

for z = (cr,p) e M x (0, r\). 

In particular, our main equation ( fITT ) is equivalent to the problem 

' -div (p 1-2i VI/) + E{p)U = 0 in (X, g), 

■ d s v U = uP ±£ -fu on (M,h), (15+) 

U = u > 0 on ( M, h) 

and it remains the same as well except the second equation in d 15 ± | ) is replaced by 

d s v JJ = u p - efu for 5 6 (0,1/2) on (M,fi) (16) 

if we deal with ©. 

In fT2l . it is also proved that given a geodesic defining function p, there is another special 
defining function p* such that E(p*) = 0. 

Proposition 2.3. ( H2\ Theorem 4.7], /[29l Proposition 2.2]) Assume that H = 0 if s e (1/2,1). 
For a smooth function u on M, ifV satisfies © as well as ® in which f is substituted with u, the 
function U := (p*) z ~ N V is a solution of 

- div ((p*) 1 VUj = 0 in(X,g*) and U = u on (M,h ) (17) 

where g* := (p*) 2 g + . Moreover g*\M = h, (p*/p)Im = 1 an d 

P[u - d s v U + Qlu (18) 

where Ql is the fractional scalar curvature and the operator d s v is defined in © with t substituted 
with p*. 

This observation is useful in showing a priori L°°-estimate or the strong maximum principle of the 
operator Pi. Refer to Il29l Section 3]. (cf. Lemma [3731 and Proposition [5J] below) 

h 
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2.3 Sharp trace inequality and its related equations 

Given any number 6 > 0 and point cr = (a \, • • • , cry) e R' v , let 


ws,Ax) = KN,s 


for x e 


s N 


with i<N s = 2 2 


^d 2 + \x - cr | 2 

Its constant multiples attain the equality for the sharp Sobolev inequality 


r| 

(N+2s\ 

{ 2 ) 

r| 

(N-2s\ 

{ 2 ) 


\ 4s 


(19) 


f 


N-2s 

2N 


\u\ N - 2s dx\ < S 


'N,s 


J> 


■A)‘ S|/2 w| dx 


where Sn, s >0 is the optimal Sobolev constant, and in particular solve 

(-A ) s u = u p , u > 0 in R n and lim u(x) = 0 

\x\—>oo 


( 20 ) 


(see HU). Set also W^cr = Ext v ((/y, (r ), the .v-harmonic extension of w,- Krr . Then we observe that 
extremal functions of Sobolev trace inequality 


f 

J R* 


| U(x, 0)| N-isdx 


,%(ff 

y«s \J o Jr n 


2s \VU(x,t)\ 2 dxdt\ , 


( 21 ) 


have the form U{x, t) = cW^ix, t ) for any c > 0, d > 0 and cr e E' v , where k s > 0 is the constant 
defined in ©. Moreover, by its definition, W, x<r solves 


U = w Si(r 

and as an immediate consequence we have 


div(f 1-2l VI/) = 0 in: 

d* v U = U p on x j0}, 

on R n x {0} 


l» + \ 

t,N 


( 22 ) 


. f t x - 2s \VW 5a \ 2 dxdt = f wf^dx. 

jRi' +1 J R n 


(23) 


On the other hand, in the work of Davila, del Pino and Sire lfT51 . it was revealed that the set of 
solutions bounded on Q x {0} to the equation 


div (f 1_2v VO) = 0 in R^ +1 , 
d s v ® = purf-J <D on R n x {0}, 


consists of the linear combinations of 
7 i _ dW 6 .r- 

A S,cr -~ 


dcr\ 


7 N , = dw <x 
’ ^5,cr • 


dcr 


1<T and Z° 


N 


_ dWsjr 

^ ‘ 36 ‘ 


(24) 


(25) 


This fact is crucial in applying the reduction method to our problem. Hereafter, we will denote 
W S = w S fi, w ,5 = W< 5 ;0 , z' 6 = z l 60 and Z\ = Z‘ 6Q for i - 0, ■ • ■ , N. 


2.4 Expansion of the metric near the boundary 

Suppose that (X, g) is a compact Riemannian manifold and 0 e M = 3X. Let x = (jti, • • • , A',y) 
be normal coordinates on M at the point 0 and (xi, • • • , x,y, t) be the Fermi coordinates on X at 0 
where x\ , ■ ■ ■ , xy e R and t > 0. Also, we denote 


g = dt 2 + hij(x, t)dxjdxj 


so that h = g\jM- Then the following asymptotic expansion of the metric near 0 is valid. 












Lemma 2.4. I\23l Lemma 3.1 , 3.2] For x\, ■ ■ ■ , x x and t := small, it holds that 

Viii = Vi*i = i - nt + l - (h 2 - imi 2 - z?^)) ? 2 - #,•*,* - + o (k*, oi 3 ) 

and 

h lJ = 6 1J + 2n l 't - j R l kl ] x k xi + h lJ (N+])k x k t + [l>n lk nj + R' n J fj t 2 + o( \(x, OI 3 ) 

where n is the second fundamental form of M = dX, H is its trace, i. e., N times of the mean 
curvature, Rjj denotes a component of the Ricci tensor, Rp^ is a component of the Riemannian 
tensor and Ric(d,) = g ,J Ri(N+i)j(N+i)- Also, the indices i, j and k run from 1 to N. 


3 Setting for the problem 

3.1 The function spaces 

As before, let ( X N+1 , g + ) be an A.H. manifold with the boundary (M", h) and p the geodesic defin¬ 
ing function, so that (X, g) where g = p 2 g + is a compact manifold. Denote by H x {X\p x ~ 2s ) the 
weighted Sobolev space endowed with the inner product 

(U, V) HHx . pl -2 S) := £p x ~ 2s [(VC/, W)- g + UV] dv- g 


and the norm 


\\U\\ HW -i*) ■= (^P 1_2 ' s (|Vf/| 2 + U 2 )dv, 


1/2 


(26) 


By applying (l2Tb and the standard partition of unity argument, we obtain a manifold version of the 
weighted Sobolev trace inequality 




LN-2s (M) 

where C > 0 is a constant determined by s, N and X. In addition, the embedding H x {X\p x ~ 2s ) 

2N 

N—2s 


(27) 


L q (M ) is compact for any 1 < q < jrf-. The next two lemmas provide equivalent norms to the 


H x {X\p x 2l )-norm. 


Lemma 3.1. The norm (SxP'^Uf/v, + /„ £/Vfo ( )‘ ,! is equivalent to the norm 111/|1 7/ i (x ; pi- 2 i) 
defined in 


Proof. We first consider a function U defined on B\ R for some R > 0 where B] R = \(x, t ) e 1., + : 
|(jc, 01 < 2 R, t > 0}. For each 0 < t < R, using the elementary calculus and Holder’s inequality we 
have 

X t / pt \ 1/2 / pt \ 1/2 

\d r U(x, r)\dr < \U(x, 0)| + I I r 2s ~ l dr I I I r l ~ 2s \d r U(x, r)| 2 drl 

Mix' 


= |C/(jc,0)| + 


X1/2 

-2im tti„ „m2^ 


v | d r U(x, r)pdr 


For any given number a e (-1,1), we apply the above estimate to get 


ff 


f\U(x, t)\ dxdt 


< 2 


\x\<R 

■R 


self 

\J\x 


f t a dt) f \U(x,0)\ 2 dx + —( f t a+2s dt) f f r l ~ 2s \d r U(x,r)\ 2 drdx (28) 
Jo / J|jc|<R s \J 0 / J\x\<R Jo 

ff >'■ 


\U(x, 0)\ dx + 


>\x\<R , 

s \XU(x, t)\~dxdt \. 
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Employing this inequality with a = 1 - 2s in each local chart, we can obtain that 



On the other hand, the weighted trace inequality (1271) and Holder’s inequality yield 


/1 


\U\ 2 dv n 


1/2 


< c 


f p 1 - 2s (\VU\] + U 2 )dv i 

X 


1/2 


These two estimates enable us to get the equivalence of the two norms, concluding the proof. □ 

Lemma 3.2. Suppose that the trace of the second fundamental form H of M = dX vanishes if 
s £ [1/2,1). Under the assumption that (El) holds, 

WWf := + + fj u2 ^) ' ( 29 ) 

gives an equivalent norm to (1261) . Hence one can define the inner product (■, ■)j from the norm 
|| ■ ||q through the polarization identity. 

Proof Suppose first that s e [1/2,1). In this case, the condition H = 0 is assumed, so \E{p)\ < 
Cp'~ 2i by (fT4l) . Using this fact and (1271) also, we immediately obtain that l|U||//qA>'- 2 ') > C\\U\\j-. 
If s e (0,1 /2), then one can control the integral value of U near the boundary by taking a = -2s in 
(1281) and applying (1271 ). Additionally, by realizing that p is bounded away from 0 in any compact 
subset of X, it is possible to manage the integral of U in the interior of X. Combining the both 
estimates, we deduce the same inequality 11 f/| |//i 1 - 2 q ^ C||t/||p 

Suppose that the opposite inequality does not hold. Then there is a sequence \U n )f = ^ such that 
\\U n \\f —» 0 as n — * oo but \\U n \\ H q x . p \-z S ) = 1 for all n e N. Let us first claim that f x E(p)U 2 —> 0. 
By E]), we have f x p^ 2s U 2 —> 0, so the claim is verified at once if H = 0. If 5 6 (0,1/2) and 
H + 0, then the main order of E(p) is p~ 2 v as (fl4l) indicates. In this situation, we take a < 1 close 
to 1 and use the Holder’s inequality to get 


lim 

/!—>00 


f p~ 2s U 2 < lim f r p^utft f p~ a U 2 ) v 
Jx 1 \Jx I 


= 0 


where q = e (0,1), so we can justify our claim again. Observe that l|U/,ll//i(A> | - 2 ',) = 

1, (I27T) and (1281) guarantee boundedness of the value | . Now if we let be the 

Hf X:/) 1 2v )-wcak limit of U„, then U rx = 0. Thus compactness of the trace embedding gives us 
that j M fU 2 —> J v/ fUf = 0. However, it is a contradiction because previous computations show 
that j x p 1_2i |Vf/„| 2 should converge to both 0 and 1. This proves that ||f/||y > C\\U\\ H i^ x . p i- 2 sy □ 

By (1271) . we know that the trace operator i : // 1 (X;p 1_2i ) —» L P+1 (M) given as i(U) = U\m := u is 
well-defined and continuous. Thus the adjoint operator i*~ : L p ( M ) —* H (X;p ) defined by 
the equation 

' -div (p 1_2,s Vty) + E(p)U = 0 in (X, g), 

■ d s v U = v-fu on (MJi), (30) 

U = u on (M, h), 

with U = i*j{v) is bounded in light of Lemma 13.21 Furthermore, i : H l (X;p' ' 2v ) —> L q {M) D 
L P+1 (M ) for 1 < q < p + 1 is compact. 
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On the other hand, in order to take account into the supercritical problem (1 + ) or (15+), we 
must restrict the space H l (X\ p x ~ 2s ) so that the trace of the each element belongs to L p+1+e (M) for 
e > 0 small. Set 

N a Na 

q £ = (p+l) + —e, which implies —— = —— p —. (31) 

2s p + e N + 2 sq e 

Then let us introduce a Banach space 

= {t/ e H l (X-p l ~ 2s ) : i(U) e L q fM )) (32) 

equipped with the norm || • ||^ e defined by 

H£%, e = \\U\\f + \\m\\ LnM ) for any U e <H e . (33) 

The following estimate explains why it is plausible to work with the space 'H f . 

Lemma3.3. Suppose that N > 2 s and v e L qx (M) for some q\ e (1, ■p-f). If U = i*.(v)and u = i(U), 
then there exists C = C(q\ ) > 0 such that 


\\ll\\Ln(M) ^ C NIl?i(M) 

with q 2 > satisfying jp = 2- - In other words, we have 


INI 10(M) ^ CHUII Nq 

pN+Isq (M) 


for any q 6 (j^j,°o). 

Proof Instead of giving consideration to (l30l) directly, we shall use the observation coming from 
Propositions 12. H and 12. 3 1 that U = (p* / p) z ~ N U is a solution of (fTTT) and U — U — u on M. For 
any number L > 0, let us denote Ul = min {11/|, L\. Due to (flSl) . if we multiply (fTTT) by 1 U for 
some /3 > 1, we get 

*, [(p*) l ~ 2s (^U,x(u^ l u)) ,dv g .= f viP-\idv k - f (f + Q~) u 2 dv' h 
Jx g Jm Jm 


where ul = min{|w|, L\. Therefore we have 


f ( P*) h 

Jx 


■2s 


V| u L 2 u 


dvg . < C 

< c 

1 

< — 

- c 


iP L 1 u 


L V+ T l \ M ) ^ Lq ’ W + C ^lfi +l (.M) 


2/3 

u L U 


WQXnO) 

L ^ (M) 


0-1 


up U 


2 

LP+l(M) 


+c ii»ii s i ;' (J , ) +oi“i C (W 


where q' satisfies 2. + = 1 and C > 0 is a large number determined by N and 5. Also, we 

used Young’s inequality to derive the third inequality. Using this. Lemma [3TTI and the weighted 
trace inequality, we get 


t± 

up u 


2 

< 

LP +l (M) 


f (p*y~ 2s 

Jx 


V 




dVg • + 



< 


1 

C 


t± 

up u 


2 

LP+HM) 


+ CIMI 


/J+l 
L‘i'(M ) 


+ 


cmCI 


lP+Hm)' 


(34) 
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Taking L —* oo in this estimate, we may deduce 

INI JVQ9+D ^ C (l|f|li?'(M) + II“IIlS +1 (M)) • 

L n-2s ( M ) ' ' 

Letting q = A ^ |; we have 


ll»ll Li(M) ^ C 



(35) 


One may check that | Besides, since we took (3 > 1, it holds that q' > and q > p+ 1. 

On the other hand, if we test 0 with (U L )P l U for 0 < j3 < 1 where U L := max {|[/|, L) and 
follow the above argument except taking L —» 0 in (1341) instead L —> 00 , then we obtain (1351) for 

1 < ^ im ; and A < C 1 ^ p + L 

We claim further that ||»||l?(M) L Ci||r|| W ' (M) holds for some C\ > 0. To show this inequality, 
we assume that it does not hold for any C \. Then, we can find a sequence of functions v n e L q (M), 
U n = ij(v n ) and u n = i(U n ) such that \\u n \\Li(M) = 1 and lim^oo - 0. By the compactness 

( N-2s)q 

property whose proof is postponed to below, u n converges strongly in L n ( M ). We let uq be its 
limit. Applying (1351) with u n and v „, and then taking the limit « —> oo, we obtain 


1 < C| Mm \\v n \\ifl' (M\ + IIm«II 

'MOO y ’ L N (M) 


= Cllnoll (N- 2 s)q 

L V (M) 


(36) 


On the other hand, by employing Lemma lX2l the weighted trace inequality and Holder’s inequal¬ 
ity, we find 


^ Un ^LW^(M) ~ C ^ Un ^f ~ C ^ Vn K.T^niM) ~ Lfl\MY 


L N+2s ( M ) 


From this estimate and lim, MOO ||u„|| Lq ’ (M) = 0, we have ||«oII ls 2 jv_ (M) = lim,,^^ IlnJI^x = 0, 
implying uq = 0. However it contradicts to (f36l) . Hence the assertion that \\u\\i;i(M) < CiIMI//(M) 
should hold for some C\ > 0. 

( N-2s)q _ 

We are left to prove the compactness of {u n }°° =l in L v (M). By (1341) . we get 



p+i 

V|L„|- 


dv- g + f \U n f +1 dv h < 

JM 


C(\\v n \\ 


Li' (M) 



Owing to Lemma [3TT1 it follows that ||t/„| 2 j is a bounded subset of H l (X\p l 2s ). Thus 

I £3.)°° 2iV y 

l\U„\ 2 v is a compact set in Ln- 2 * (M) for any small if > 0, which in turn implies that {U n }f =l 

1 In=l 

ATQ8+1) r (iV-2i)g 

is a compact set in L n- 2 s <>( M ) = L q q (M) for every small tj > 0, hence in L N ( M ). The proof 
is finished. □ 


Corollary 3.4. Fix any q > — Then the adjoint map /* : L q (M ) —> 'H ( is compact for 
sufficiently small e > 0. 

Proof It easily follows from the previous lemma and its proof. We leave the details to the reader. 

□ 

By Lemma 1331 if u e L~ f (M), then i{i*~(uj) e L qf (M). Hence one may attempt to solve equation 
(1 + ) by writing 

U = i*j. {u p+£ ) and U - u > 0 on M 

for U e TT e . 

To unify the notation, we will use (' H e , || ■ |L e ) to denote (// 1 (X;p 1-2i ), || ■ |L) from now even if 
we study the subcritical problem (1_) and the critical one ©. Notice that if equations (1_) and © 
are considered, then q f in (I3TI) should be read as and respectively. Hence in this 

case the Banach spaces ('H f . || • ||^- e ) (defined according to (l32l) and (1^31) ) and (H l (X',p l ~ 2s ), || • 11 f 
are equivalent to each other, justifying our expression. 
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3.2 The approximate solutions 

Recalling the number r\ selected in (fT3l) . we choose nj < r\ a positive number less than the quarter 
of the injectivity radius of ( M,h ). Letxi : (0, oo) —> [0,1] be a smooth function such that^fi = 1 
in (0, ro) and 0 in (2r<), oo). Noting that any element z £ X near the boundary can be denoted as 
z = (cr,p) for some <x e M and p e (0, oo), we define the function r W, ur on X (provided 6 > 0 and 
cr £ M) by 


Wssriz) = fiV 4cr (c3-,p) = 


IdfiWCz, cr))W 5 (exp^ 1 (<x)>p) 

1 ° 


if r/(z, cr) < 2ro for some cr e M, 
otherwise, 


(37) 


where W$ - Ext'Ory) is the function defined in Subsection 12.31 c/\f(-, cr) denotes the geodesic 
distance from cr on (M, h), d(-, cr) is a positive function defined near the boundary of ( X , g) by the 
relation d(z, cr) 2 = d{(fr,p), cr) 2 = cr) 2 + p 2 and exp is the exponential map on (M, It). Thus 

the parameter 6 can be regarded as a concentration rate, while cr expresses a blow-up point. We 
set 6 = d r A where A > 0 is an e-independent number. The number a is chosen to be 


J 1/(2^) for problems <|15 ± |>, 

a = { ,_; (38) 

11/(1 - 2s) for problem (fl6l) . 

In this paper, we search for solutions of fl!5 ± | ) and (fl6T) of the form < W e a A,cr + ( b where <D is 
a function defined on X whose 77 r -nomi is sufficiently small. Because we regard the equations 
as perturbations of the limit equation (I22T) . it is important to understand their linearized equations. 
Hence it is natural to introduce 


Zj^Cz) = Z^(&, P ) = 


ixi (d(z, cr))Z\ (exp^ 1 (cr),p) 

1 ° 


if d(z, cr) < 2ro for some cr e M, 
otherwise, 


for i - 0, • • • ,N, where Zj <r is the function whose definition is presented in (l25k For each e > 0, 
let us also define the subspace of 

K%(t ~ S P an {-Zeu.a- ■ i - 0,- ■ ■ , /v) 

and its orthogonal complement with respect to the inner product (■,■)/ 

{Klo-T = {ue<H e : = 0 : i = 0, • • • ,n) . 

Furthermore, denote by 

n: Ur : 'K - K\ <r and (n^)" : <H e - (k^ 

the orthogonal projections onto and (K‘ j cr ) _L , respectively. 

As mentioned before, we will apply the finite dimensional reduction method. Namely, for a 
small fixed e > 0, we first solve an intermediate problem (in Section |4| 


KJ 


( < We a A,cr + ( I>e‘M,cr) - (* (de a A,cr + dVi.o-))) 


= 0 


(39) 


for each parameter (A, cr) e (0, oo) x M by employing the contraction mapping theorem, where 

j g £ {u) = u p±e and / = / if we consider fll5+| ), 

[ g f (u) = u p + - efu and / = 0 if we consider (IT6l) . 


Then we choose an appropriate (T e , cr e ) which makes 


n 


A € .cr € 


(AAA £ »a t ,(j t + ( I>e"/t £ ,cr f ) - U (fjA^ £ "A f 


+ ®, 


e a A f ,o-, 


))) 


= 0 


(41) 
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by finding a critical point of a suitable (localized) energy functional on (0, oo) x M corresponding 
to the above problem (14Tb . This is conducted in Section^ Observe that we modified the nonlinear 
term in ( |39T ) and (HTT) because we want to find a positive solution. 

Before concluding this section, we provide a lemma regarding the decay property of and 
Z' s , which will be used throughout the paper. We defer its proof to Appendix lAl 


Lemma 3.5. Assume that N > 2s, fix any 0 < R\ < fG and set A+ R R = Bf \ B R . Then as 5 ^ 0 
we have the following estimates. 

t l ~ 2s \VW d \ 2 dxdt = 0(<W). 


f 

Ji2 


AK 


I 


t 2 ~ 2s \VW s \ 2 dxdt = 


(7? i ,/?2) 


0(6) for N > 2s + \, 

0(b|logd|) forN-2s+\, 
0(d w “ 2s ) forN<2s+\. 

, ,, , [o( 5 n - 2s \ for N± 2s+ 2, 

6 (o(d 2 |logd|) for N = 2s + 2. 


Besides, the followings are also true. 


L 


A-2s 


t \B + 

'°R l 


VZ^|~ dxdt = 


f t x ~ 2s (Z') 2 dxdt 


_^0(5 n ~ 2s ) for i — 1, ■ ■ ■ ,N, 
0 (6 n - 2s ~ 2 ) for i = 0. 

0(6 n ~ 2s ) for i — 1, • ■ • ,N, 

O (d^ -2 ^ 2 ) for i = 0 and N ^ 2s + 2, 
O (| log d|) for i = 0 and N = 2s + 2. 


We also know 


J t l ~ 2s O (|(x, Ol 2 ) \VWs\ 2 dxdt 


4>(d 2 ) 

for N > 2s + 2, 

C>(d 2 |logd|) 

for N = 2s + 2, 

o(V- 2s ) 

for N < 2s + 2. 


(42) 


(43) 


(44) 


4 Solvability of the intermediate problem 

This section is devoted to solvability of the intermediate problem (l39l ). 


4.1 Estimates for the error 


In this subsection, we shall obtain a uniform bound of the 74-norm of the error term AV ( :»,i_ (T - 
iy.i(g f -dW,-<> /{J r))) where (A, <x) e (Tj ,Ti) x M and e > 0 small, given any fixed number A\ > 0. 
The positive number a was set in (1381) . 


Lemma 4.1. Assume that N > max {4s, 1 } for d 15 ± | ) and N > 2 for (fl6l) . Given a fixed A\ > 0, it 
holds that 

"'WfAjr - ?Mg e <fW^))) f =0(eV) (45) 


where 


y - 


Wo 

1-s _ r 
2s 50 
N-2s 


4s 

Ts-t0 


for problems ( |15 ± [ ) if 0 < 5 < 
for problems ( | 15 ± ]) if\ < s < 

for problems d 15 ± | ) with 4s < N < 2s + 2 if ^ < s < 1, 
for problems ( | 1 5 = [ ) with N > 2s + 2 if\ < s < 1, 
for problem GUl 


(46) 
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uniformly (A, cr ) 6 (Tj 1 , di) X M. Here i/o > 0 can be taken to be arbitrarily small 


Before starting the proof, we remark that y > 1/2 for problems ( |15 ± [ ), while y > 1/(2(1 - 2s)) for 
problem (fl6l) . 

Proof. Let us take into account the subcritical problem (15_), recalling the notation 8 - eiA e 
(e~ A /', e“/l| j. Here we will use the dual characterization of the norm 

Ilf/ll/ = sup {<f/,d>> /: ||®||/ < l) 

which holds for any U e H l (X\p x ~ 2s ). For a fixed ® 6 H l (X\p l ~ 2s ) such that ||®||y < 1, we have 
= Ks f (p'- 2s (X'W 6 ,a, V®), + E(p)'W 6 M dvg + f (fWe.a-'W^ )Hv tl (47) 

JBt(cr,2r 0 ) JB il (cr,2r 0 ) 

where 


B\(cr, 2 r 0 ) := {z € X : d(z, cr) < 2r 0 }, Bjfcr, 2 r 0 ) := {cr £ M : d M (o-, cr) < 2r 0 } (48) 

and f = /(®). Note that in Section [3] the distance functions d(-,cr) and c4/0, cr) were introduced 
in setting the first approximation 'W 0jr for a solution, for each fixed cr e M (see (l37l)l. Since the 
domains of the above integrations are small neighborhoods of the point cr in X and M, respectively, 
we may replace ® by x\(d(-, cr)/ 2)® for instance without affecting on the value of the integrations, 
where x\ is a cut-off function introduced for (1371) . Moreover, by the equivalence of two norms || • || f 
and || • ||tfi(X;pi-2q> it can be easily seen that ||^i(c/(-,cr)/2)®||/ < Coll®||/ < Co where Co > 0 is 
a number not relying on the choice of ®. Therefore, to obtain (l45l) . we may without any loss of 
generality regard ® (or cp) as a function on R + +1 (or R N ) and assume that its support is contained 
in := Bt(o-Aro) c (or bJ 7 := fl a (tr,4r 0 ) c R w ). 

Now we shall estimate each of the right-hand side of (I47T ). For this objective, we denote 
® () i (z) = 8^ ®(&) for all z £ R + +1 and <p 5 - 1 = /(®, 5 - 1 ), for which it holds that 


®. 


5 1 llz> 1 (R^ +1 ;f‘- 2 q 



r 1_2i |V®^-! (z)\ 2 dxdt < C 


(49) 


by the scaling invariance. Firstly, from (1421) and the estimate that 


n 

r ) 

1 

2 

f r ) 

1 

2 

p 1 - 2 *|z||V<lV d ^||V®|* < c 

I t l ~ 2s W 2 dz 

+ 

t l ~ 2s \z\ 2 \VW 6 \ 2 dz 



J 


JBt 

\ 2 rg 



0 ( 8 ) = 0(e=) 

O (d| log d| 3 ) = O (ei | log e| 3 ) 
0(s^) = 0(e " 


N-2s 

16 4x 


) 


if N > 2s + 2, 
if N = 2s + 2, 
ifN<2s + 2, 
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we find 


A I P 1 

= K s I Y 
Jr^ +1 

= Ks | f 1 ' 

Jr^ 1 


(VnV (5jfr , V<l>)gdVg 


■2 s 


VW 5 • VOdz + 0 


j> 


■2s 


mw 6 jm\dz 


U°p) „ 


if A* 2s+ 2, 


■2i 


V W | • VO f) ulz + 


= f w i 

Jrk 


(.x)(/> s i(x)dx + 


J \0(<5|log<5|3) if N = 2s+ 2, 

0(6) ifN>2s + 2, 

O (<5| log <5| i) if A = 2s+ 2, 

0(5^) if N < 2s + 2, 

if A > 2s + 2, 


0(ei) 

0(ei|log e|3j if A = 2s + 2, 
ifN<2s + 2. 


(50) 


Also, if 1/2 < s < 1 and H = 0, then (fT4l) and the Cauchy-Schwarz inequality imply 

1 


r 


( r Y 

r 

k s I E(p) < Wg a -(f>dvg 

< c 

| p'-^w^dvA ■ 

f P l ~ 2s ® 2 dv- g 

J, n 





< C 


f t 1 - 2 * 

Jsi 


s Wj(z)dz 


if N > 2s + 2, ( 51 ) 


0(d) = o(e=) 

0 (d| log d| 2 ) = 0 (ei | log e| 2 ) if N = 2s + 2, 
0(d^) = 0( e 4) if N <2s + 2. 


In the case that 0 < s < 1/2, we take ij > 0 small enough so that I - (s + iff) > I /2. It follows that 


I 


K s E(p)^W6,o-®dVq 


L 


<C I p- 2s YW s Amdv-g 


< c 


< C 


j> 


■2s~2(s+fi )ryy 2 dl)n 


S,cr LI,J y 


If 


p 1+2 ^0 2 dv- g \ 


(52) 


J t \-2s-2(sHi) w 2^ dz = o^-O+O)) = 0 ( e d-0+0))/2^) f or N >2. 


\ 2 rg 

On the other hand, if (2 is a number chosen to be 


6 = 


I n~ 2 ~s + ("2 l° r 4s < A < 6.s' where > 0 is arbitrarily small. 


IN 

, W+2i 


for A > 6s, 


C|l/llL“(M)l|W5llLf2(RA')ll < l ) ll//l(X;pl-2p 

N-2s 5 2 


6 4s 2 s 


for 4s < A < 6s, 
for A > 6s. 


(53) 


then thanks to the Sobolev trace inequality (1271) . it can be computed that 

f rw (ur (t>dv h 
JBt 

( _ N—2s y//\ _ 

62 £2 j = 0 

0(d 2i ) = 0(e) 

Here > 0 is again a small number depending on the selection of 'C' T Moreover one has 

- f fW sV < ! , d v h = ~ f 'W P s Jdv h + 0(e\\oge\) = - f w?(x)<pg-i(x)dx + 0(e\ log e|). (54) 
JBt, ’ JBt ’ Jr n 
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Consequently, combining all computations (1471 ) and (l50l)-(l54l). we obtain the validity of the first 
estimate of (1451 ). 

The eiTor estimate (l45l) for problem (flhl) can be handled in a similar way and we omit it. 

Now we are left to handle the supercritical problems (15 + ). To obtain the conclusion, it suffices 
to show that 


U)5,o 


i ( ijigdws^)) 




= 0(e-y). 


(55) 


By the trace inequality (1271) and the computations made above, we have 


m,0- - i {if(.ge(w S ' Cr ))j 

< c 

< c 

< Ce r(1_rE) • 

where r e e (0,1) satisfies 


1 -r f 


m,cr ~ i I i fa € (m,o)) 
^6,0- ~ if (g e (ws,a-)) 


LP +l (M) 
1 ~r f 


W6,a - i ( if(ge(W6,cr)) 


W6,o- ~ i \if(ge(m,cr)) 


L 2 (p +1 \M) 
re 

L 2 (p+1)(M) 


(56) 


W5,a - i ( if{ge{ws,cr)) 


Z,2(P+1)(M) 


1 - r f 


which leads to r e - 


N 


.v[(p+l)+^e] 


P+ 1 2(p + l) q e ’ 

e. Applying Lemma [331 we see that 


m,<r ~ i\i*f(ge(m,a))j 


Z,2(p+ 1 )( M) 


< \m,c 


Il 2 (p+!)(M) 


+ 


i I if(ge(W8,o-)) 


L 2 (p +1 \M) 


<C[e- & + \\g e {w^)\\ LM;(M) 

1 N-2s N-2s \ 

< c 6 4 S + e . 


Using this and the fact that e e = 0(1), we deduce the desired estimate (1551) from (1561) . □ 


4.2 Linear theory 

To solve (l39l) . it is important to understand the linear operator 

:= CD - (nfor O e (K^f (57) 

where the function g e and / are defined in (l40l) . Letting T = L E X (O), we see that the expression 

| O - + Zf = o in X, 

, 0 .> / = ° for all / = 0, • • • ,N 

with certain pair of constants (co,••• , c,v) e 1R' V+1 , is equivalent to (|57T) . 

This subsection is devoted to deduce that for a fixed T e (^ )-*-, there are a unique function 
O e (A' f f(r ) ± and an (N + l)-tuple (c 0 ,• • • ,c,v) £ R w+1 satisfying (l58l) . This is the content of 
Proposition 14.41 It comes from the fact that the operators L e ( r : (K% ^ —» (K‘ { <r ) ± have the 
inverses whose norms are uniformly bounded for (A, cr) e (d] 1 , d|) x M and sufficiently small 
e > 0 (refer to Lemma 1431) . 

We start the proof by showing the almost orthogonality of Z‘ Sa .’s with respect to the inner 
product (•, -)f. As before, we use 6 = e ff d. 
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Lemma 4.2. For each i, j e {0, • • • , N], we have 


(Zi,, Zl,) f = A ( fl5 y + „(!)) OS f ^ 0 


(59) 


where ff > 0. 

Proof. Recalling that ZJ’s are solutions of (1241) . we compute with estimates (1441) and (1431) that 

c2 


* (zA zL>/=X ( pl_; ’ ( VZ A VZ U» + 

( l_2 ‘VZj ' VZ'dxdl + o(l)l + op 2 ) + op 2 ”) 

> f Wj _1 ZjZjX/X + 0(1), 

Jr w 




-If 

Ur) 


/ 

Jm 


fZg'O-Zfio-dVfr 


= P 


which implies 


From the above lemma and the nondegeneracy result of lfT51 described in Subsection 12.31 the 
following invertibility result of the linear operator L e , can be deduced. 

Lemma 4.3. Suppose that N > 2s, (A, cr) e (Af ] , /If) x M and e > 0 is small enough. Then there 
exists a constant C > 0 independent of the choice of {A, cr) and e such that 


||LX cr (0)|| / - e > C||®|| /ie (60) 

forall<S>e{KlX- 

Proof. We only inspect the case when g f (u) = n+ ±e (and / = /). The other case, namely, when 
gfu) = if - efu (and / = 0 ) is covered in a parallel way. 

Assume that (l60l) does not hold so that there are sequences e„ —> 0, A n —» Too e [d) 1 , dj |, 
6 n = efA n , cr„ -> cr m e M, ®„ e (Kf ) ± and T„ = Iff (O,,) with 

/l iu u n /L n ,u n 

Wn\\f,e -> 0 and ||$„||/, e = 1 as 77 ^ 00 . (61) 


We may further assume that cr = 0 by identifying a neighborhood of (r M in M and that of the 
origin in M. N . According to (1581) and Lemma l4~2l it is true that 


-5l{p±e) j TU 


'X' 


1±6 

6„,<r n 


N 

zLrp’M - 4 f’-zf.). + 2>), {ha,+ 0(D) 

1=0 


for each j - 0, • • • , N. Following the assertion in the proof of Lemma |4~T1 it is possible to regard 
®„ as a function in ]R+ +1 whose support is included in the small half ball /F (<x„, 3/'o) c fit := 

_ _ N-2s 

B-(0. 4r 0 ) satisfying ||®„||/ < C\ for a fixed constant C\ > 0. We define ®„(z) = 5 n 2 0> n {5 n x + 
cr n , ti n t) for all z e R^ +1 . Then as in ( l49l ). one can check that 1111^,1 (rJv+i. f i- 2 s) is bounded in 71 e N 
and in particular <f>„ —^ <h OT weakly in D 1 (R+ +1 ; t x ~ 2s ). Hence the compactness property of the 
trace operator tells us that <I>„ —7 strongly in for any q < -ZZ and so 


<(P ± €) 


/■ 


On 


-l±£ 

,<z„ 


z 7 

~*~6 n ,o- r 




dv h = 


-tin 


f 

J R a 


p- 

pw\ 


■1J 


Z\ ®o 


,dx + o(l) = o(ti„). 


Here the second equality holds, for the assumption ®„ e (K f ’’ (r I- 1 gives 

0 = 6„(<1>„,ZPJ = <U, fp'- 2 ’(VZir,,™.) s <l0 i + O p 2 ”) 

X 


f 

Jr^ +1 


- S X77J 


VZ( • Vffroodxdt + o(l) = f pw‘ J . 1 ziQcadx + o{\). 

Jrn 




(62) 


18 





Since 


= o(8 n ) by m, it follows that 




\{ci) n \ = o{5 n ) and 


N 

i=0 


= 0(1). 


(63) 


Therefore, if we define E„(z) = 8 n 2 3(<5“' (x - cr„), 8~ l t) for any function H e C“(K Af+1 ) and 
regard it as a function in the open half ball fit c X, which is possible for n e N large enough, we 
see 


A f [t 1 2v (VO„, VE n )g + E(t)<b n a n ] -\J\g\dxdt + f [/ - (p ± e)TV£ 0„S„ yf\H\dx 


N 


Vn + ^dnZi^Zn) = o(l) 


i=0 


where fi^ := fi/ ; (0,4/'o) c Bl , v . Note that {||H„||y j“^ | is bounded and that (1281) implies 


L 


L 


\E(t)\\® n \\E n \dxdt < C I r 2i \® n \\Z n \dxdt < c 


L 


r 2s ®:,dxdt 


L 


t 2i H 2 dxdt\ 


< Clio, 


,||f ■ 8 2 ( f t 2s ’Erdxdt\ = o(l) 

\Jr^ +1 / 


for s e (0,1/2), while it remains to hold that f B+ \E(t)\\<& n \\E m \dxdt - o(l) when s e [1/2,1) and 
H = 0 by a similar reasoning. Hence by taking n —> oo, we obtain from Lemma [2xfl that 

k s | ft^VOoo • VEdxdt - p | w p ~ ] ^co’Edx, 

Jr ^ +1 Jr'v 


which means that O tX) is a weak solution of (1241) . On the other hand, the D 1 (R+ +1 ; f 1_2,s )-norm of 
Oo, is finite, so the Moser iteration argument works and it reveals that O m is L°°(R w )-bounded (see 
the proof of Lemma 5.1 in HU). Thus with (IhTT) the linear nondegeneracy result in fl5ll . touched 
in Subsection 12.31 implies Ooo = 0 in M. N . Now we have that 



<w p 1±e o 2 

yy S„,o-„ l n 


-J\h\dx = W} 2 ^ f x\ l+ \8 n x)w p l 1+e (x)ffi 2 (x) 



Putting O = O,, into (1581) shows then 


HOnll/ = {p 


£ > f +( t " + 

JB h \ 1=0 


=o(l), 

/ 


and particularly ||0„|| LP +i (M ) = o(l). At this point, we claim that ||0„|| L9 e (m) = o(l). Once we verify 
it, together the previous estimate, it will yield that ||0„||y e —* 0 as /: — > oo. Therefore we will 
reach a contradiction and our desired inequality (l60l) should have the validity. Since the assertion 
clearly holds in the subcritical or critical cases, it suffices to consider the supercritical case only. 
In this situation, by applying Lemma [331 and using (l58l) . (IFTil and (l63l) . we get 






< 




Lic(M) 


+ 


Vn-f'fWA'W^Qn)) 


L1e(M) 


< \\i We (Ws^o-J <&«) + 0(1). 

"iWFisip (M) 


(64) 
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According to Holder’s inequality, 


WA'WS'jrJVn 


Nqc 

L"+^(M) 


\9e( w 6 n ,a n )\\ L r e(M) \\®n\\v 


‘(M)> 


(65) 


where j-+ -^ = Since f e = f + 0(e), we have \\g' E (w Sn ,o- n )\\ L r £{M) = 0(1). Thus we get 

from m that 11/ (g' e (AV Sn ^ ) ®„)|| N g € - o(l), which gives ||®„|| l?£ (m) = o(l) with <[64]>. □ 

" L N+I^( M ) 

As a result, we can construct a solution of (1581) . 

Proposition 4.4. GivenN > 2s, fix a point (A, cr) e (d^ 1 , A\)xM and a small parameter e > 0 such 
that Lemma POl holds. For each T e ( K f { )-*-, there exists a unique solution (®, (cq, • • • , c,v)) £ 
(7sf‘j cr )- L X K. iV+1 to equation (1581) such that estimate (Ell) is satisfied. 

Proof. Firstly let us show that the linear map L e { a on 77 f is the sum of the identity and a compact 
operator, that is to say, the map ® i-» (Li £ Aa .) ± iL(i(g , e ('W e a A,cr)^)) for ® £ 'H, is compact. Denote 

£3 = N 2 +l s 2 ■ Then, by Corollary 13.41 we observe that i*. : Z/ 3 (M) —> ‘H, is a compact operator 
given e > 0 small. Furthermore, since UfW^^a-) is in L°°(M), it holds that i(g' e ('W e a A,cr)^) e 
Z/ 3 (M) for any ® 6 77 f . Consequently, our assertion is true and the proposition follows from a 
standard argument utilizing the previous lemma and the Fredholm alternative. □ 


4.3 Derivation of a solution to the intermediate problem 

From the unique existence result for the linear problem (l58l) stated in Proposition 14.41 we are now 
able to derive that ( 1391 ) is solvable for any given (A, cr) e (dj *, di) x M provided e > 0 sufficiently 
small. Let us rewrite problem (1391) as 

= -Ei a + Ni a m := - (n^) ± - r f (g e <nv^))) 

+ KJ" (/) (gei'W^a + O) - g e (fW^ cr) ~ ^CWW)®)) ■ (66) 

Proposition 4.5. Under the assumption of Proposition \4~4\ equation (1661) possesses a unique solu¬ 
tion ® = £ (K l j o .) ± such that 

ll®^J/, e = 0(e r ) (67) 

where the exponent y is defined in (06]). 

Proof. We define an operator T E {cr : (A'^ cr ) ± —» (A'^ o .)- L by 

n^ = { L l'rY\- E i ( r+Nl (r m). 

A direct computation using Lemmas l3.3l and l4~T1 shows that it is a contraction map on the set 

B = |® £ (K e A o _) ± : ||®||y e < Me 7 } for some large M > 0. 

Consequently, it admits a unique fixed point ® e « / } ]CT - e IB, which becomes a solution to (1661 ). This 
completes the proof. □ 
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5 Finite dimensional reduction 


We keep using notations gfu), f in (l40l) . Define also G e (u ) = f g e (t)dt. 

It is notable that equations ( jl5+| )-(fT6l) have the variational structure. In other words, U e 'H, 
is a weak solution of d 15 ± | )- dT6l) if it is a critical point of the energy functional 


I e (U)--=% f (p 1 - 2s \VU\l + E(p)U 2 )dv- g + \ f fU 2 dvj t - f ( 
A JX 2 JM JM 


GfU)dv fl 


where dv Zj and dv~ h denote the volume forms on ( X , g) and its boundary (M, h), respectively. Based 
on the previous observations, we define a reduced energy functional by 


■4(4, cr) - If (AV e " A,(T + d’f'M.fr) 


( 68 ) 


for any (A, cr) £ (0, oo) x M where the exponent cr > 0 is determined in (1381) and ( P e "A tCr denotes the 
function determined in Proposition 14.51 

The next proposition claims that the well-known finite dimension reduction procedure is still 
applicable in our setting. 

Proposition 5.1. Assume that e > 0 is small enough. Then the reduced energy J e : (0, oo)xM —» M. 
is continuously differentiable. Moreover, if J' e {A e , erf) = 0 for some element (4 e , erf) £ (0, oo) x M, 
then the fimetion + ^ e a A e ,o- e solves problems ( | 1 5 ± [ )- (l 1 61 ) (according to the choice of the 

nonlinearity gf). Its trace on M is in C 1 4 M) for some [i £ (0, 1) determined by N and s. 


Proof. Fix e > 0 and define a linear operator 


£ e (U,cr), U) = u + (ni 0 .y 


^r - + U))) 


for ((4, cr), U) £ (0, oo) X M x <H e . Then £ £ ((A, cr), dV^) = 0 and 


d£ ( 

dU 


((4, cr), U) = U-(n £ Ao _) A 


ifWA'W^) U)) 


By elliptic regularity, i{g'ffW £ a A.cf)^ e a A,cf) £ L q (M) for some q > -pfr- (Refer to the latter part of 
this proof.) Hence we know from Corollary 13. 4l that 'j^j-((A, cr), dVMjr) : '/4 f —> 'H, is a Fredholm 
operator of index 0. Moreover, using (1671) . one can check that it is also injective. Therefore 
^-((4, cr), Of-'M.fr) is invertible and the implicit function theorem shows that the mapping (4, cr) e 
(0, oo) x M i—> £ 7T e is C 1 . This leads that J e is a C 1 map. Furthermore it is a standard step 

to show that /'(4 e , erf) = 0 implies /' + <D f -"i f ,<r f ) = 0. 

In the rest of the proof, we take account of equations ( |15 ± | ). The other equation (fl6l ) can be 
dealt with similarly. One has then 


| dVg 


J f \(>~ 2s (V (fW^ e + , VS)- + E(p) f\V,, AfXTf + 4W f , r J s], 

+ f f ( < We a A € ,o- € + dW Ei0 -J ’Edvj l = (p ± e) r ('’IVeUf.a-f + l±e Zdv h 

Jm Jm 


for any E £ H l (X\p l ~ 2s ). Putting S = PW f « Af XTf + ( iV'i f ,rr f )- into the above identity and then 
applying ([7]) verifies that AV f ->A fXTf + dV",Wr f > 0 in X. By P ro position s 12. 1 1 a n d 12.31 equation (fT71 ) 
is solved by the nonnegative function U = (p* /p) z ^ N f\V £ a A ^ (Te + ( l> ( » Af lTf ) defined in X and its 
trace u > 0 on the boundary M. Also, U is not identically zero since \\ r W £ n A(0 - e + ( IVu f . (rf ||/ ^ 
- IldVi^o-JI/ > C + ()(e y ) > 0, and it is strictly positive in X, for (fI7T ) is a uniformly 
elliptic equation in divergence form away from the boundary. Suppose now that u(zo) = 0 for a 
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point zo £ M. Then by the Hopf lemma [1291 Theorem 3.5], we have (//)' 2s d p *U > 0 at zq, while 
m gives 

K,(p*) 1_2i d p . U = -d s v U = Q\u - Plu = (q[ + / - u p±£ ) u = 0 at z 0 - 

Therefore a contradiction arises and the functions U and < W £ a A ^ a . € + should be strictly 

positive in X. 

Finally, if the nonlinearity of the problem is subcritical, then |[29l Theorem 3.4] implies that U 
is a locally bounded function in X. Then the regularity property of ^ + ( IVu f ,<r,| v/ follows 

directly by the result of If29l Proposition 3.2]. If our problem is critical or supercritical one, then 

m +e 

the nonlinear term is given by g € {u) = u+ 2s = us- 2 s +e . u for e > 0. Note that 


N_ I 4 s ' 

2s \N - 2s + € \ 


2 N 


N 


N-2s + Ts e - q£ 


_ 4 S 

(see (I31I)'). Therefore u e L qt (M) means that u q ^ +e e L~(M), and so one can modify the proof 
of Lemmas 3.5 and 3.8 in lfT4ll slightly to show that U is L°°-bounded. The regularity of U again 
follows from If29l Proposition 3.2] now. □ 


6 Energy expansion 

6.1 The C°-estimates 

We set do = f RN w p+l dx, d\ = £,, v w\dx, d 2 = f RN w p+l logw^dx and d s = k s J rA , +i t 2 ~ 2s \VW ] \ 2 dxdt 
(whose finiteness for N > 2s + 1 is guaranteed by (l42l) l. Then the following asymptotic expansion 
is valid. 


Proposition 6.1. Suppose that e > 0 is sufficiently small, and H = 0 if s £ [1/2,1). In addition, 
we remind the reduced energy functional J, defined in (1681 ). 


(i) Assume further that N > max{4.v, 1). If problems (115+ 


is concerned for s 6 (0,1), then it holds 


sdo e 


N-2s 

4s 


loge- 


1 


P+ 1 
+ e 


do - d 2 


d\ (N-2s) 2 do 

y/(cr)4 2 +-——~ log T + o(l) 


(69) 


(ii) Let us consider equation (1161) under the assumption that s e (0,1/2) and N > 2. Then it 
follows that 


sdo i 


+ 


2 N(N- l) + (l -4^ 2 ) 


4)V(1 - 2s) 

/ 

In the above estimates, o( I) tends to 0 uniformly for ( A, cr) e (d/ 1 , /1|) X M. 
To prove this, we need the following lemmas. 

Lemma 6.2. Fix any small A\ 6 (0,1). Given 5 = e ,r A, we have 

I o(e) for problems ( | 15 _ [ ), 


d s H(cr)A + o(l) 


(70) 


J f (A,cr) = L (4V <)it ) + 


o(^e 1 - 2 * j for problem (ED, 


(71) 


uniformly for (A, cr) e (A } 1 , d|) x M. 
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Proof. Putting into ([39] ) and then applying 4> f)fr e (K' { cr ) ± and Taylor’s theorem, we obtain 


(T) - f f W 6 , ir ) 

= <^> + 0^,0^),-- f (G f f W 0 jT + d) rt , (r ) - G f (TKvr)) 

Jm 

= [ (c/ f - (TPojr + <D (Ur ) — CJ f f \V 0 (r j) 

Jm 

- f (Gf (44V + 4v) - G f (44V) - (44V) <IV) 

Jm 

Therefore the conclusion follows by Proposition 14.51 


Lemma 6.3. Suppose that s e (0,1/2) and N > 2s + 1. 77?^/2 

f f 2_2 ' ? |VVP 1 | 2 r/^;r/t = —-— f t 2 ~ 2s \V x W { \ 2 dxdt = f t~ 2s W 2 dxdt < 00 . (72) 

Jj^jv+i 1 + 2s Jr^ + 1 2 J]g.y +1 

Proof. The argument we will use here is based on the proof of Lemma 7.2 in | [29l . We will only 
prove the first identity, because the second identity can be justified in a similar manner. 

If we denote the Fourier transform of Wj with respect to the jc- variable by W \, then we have 
Wff, t) = w\(f)(p(2n\i;\t) where fit) is a solution of the equation 

1 - 2s 

fit) +- -fit) - f{t) = 0 in R + , fi 0) = 1, lim fit ) = 0. (73) 

t t-too 


Thus we have 



t 2 ~ 2s \V x W[\ 2 dxdt 


f i2n\f\) 2 t 2 ~ 2s \Wiif, t)\ 2 d{dt 

J Rf- 1 

X /~*oo 

i2n\f\) 2s - x \wm 2 df- t 2 - 2s \m 2 dt 
N Jo 


(74) 


and 


f 

Jr? 


t 2 ~ 2s id,W\) 2 dxdt = 


f 

Jr1 

■f 

Jrs 


i2n\^\) 2 t 2 ~ 2s \wif)\ 2 \(pi2n\^\t)\ 2 dfdt 


i2n\f\) ls - x \wff)\ 2 df 


[ 

Jo 


(75) 


t 2 - 2s \(p'(t)\ 2 dt. 


Since (pit ) = 2 1 s t s K s (t)/T(s) where K s is the modified Bessel function of the second kind (see 
m Lemma 14] for its derivation), (p decays exponentially as t goes to 00 and (fit) ~ t 1 near 0. 
Hence after multiplying (I73T ) by /’ 2 Jp'(t), which converges to 0 as t —* 0, and applying integration 
by parts, we discover that 


3 - 2s f°° 2—2s 1.2 

— Jo ' y 


X oo r* 00 

t 2 ~ 2 \(p') 2 - | t 3 ~ 2s (p'(p " 


1 + 2s 
2 


r*oo 

| t 2 ~ 2 \(p') 2 . 

Jo 


1 

2 



Putting this with ([74]) and (1751) gives the first estimate of ([72]) . 


□ 
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Proof of Proposition 1 6 . 71 We will accomplish the proof in 3 steps. We use the notation 5 = e ir A, 
di = d Xj for i = 1, ■ • • ,N, and t to denote p near the boundary. 

Step 1. We initiate the proof by computing k s f x p l ~ ls \^PW s^dvg. By (1421 ). we have 


= k s f t l ~ 2s \g lJ djW d (x, t)djW s (x, t) + (d,W s (x, t )) 2 1 dxdt + j _i_\ 

J lit | 0 ( 61 - 2*1 


for ( |15 ± | ), 
for (fl6l) . 


where t\) is the small positive number chosen in Section [3] Also Lemma 12.41 implies that g IJ = 
6 ,J ' + 2n l h + 0(\(x, t)\ 2 ) and = 1 - Ht + 0(\(x, f)l 2 )- Hence we can compute 


j t l 2s diW$(x, t)djW$(x, t) + (d,Ws(x, t )) 2 ] sj\g\dxdt 
Jb ?o 

-- K.S ( t l 

J B* 


2s \VWg\ 2 dxdt + k s 


1 


L 


2n'\cr) I t z 2s djWsdjWgdxdt - H(cr) I t 2 2s \VWs\ z dxdt 


+ t l - 2s 0(\{x,t)\ 2 )\VW s \ 2 dxdt 

(76) 

where the last term of the right-hand side is negligible by (1441) . 

On the other hand, since dfW\ is odd in Xj and tt' 7 = = 8 lk nu6 l i = 7r, ; - so that x'ddj = 

ftijh'j = H at the point a (for we are using now the normal coordinate of h at <x), it holds 


2n'\cr) 


f 

Jr) 


,2-2 s 


d\W\d ;W\dxdt = 


-H( o-) f 
N ’M 


,2-2 s 


|V. t VLi| 2 dxdt 


(77) 


(which is finite provided that N > 2s + I j. 

Having them in mind, we consider problems ( |15 ± [ ) first. It would be convenient to divide the 
cases according to the magnitude of s. 


- If s e (0,1/2), then (l42l) gives us that f + t 2 2s \VWg\ 2 dxdt = o(S 2s ) = o(e). 

J t>r 0 

- If s e [1/2,1), then we observe that (1771) remains valid if we change the domains of integration 
of the both integrals to the half bah Thus by the hypothesis that H = 0 on M if ,v e [1/2,1), 
we deduce the second term of the right-hand side of (1761) vanishes. 


For problem (fl6l) . we note that if N > 2, then N > 2s + 1 for s e (0,1 /2). Hence (1771) is 
meaningful for this problem. 

Now applying Lemma 1731 and (1231 ). we deduce that 


Ks f P 1 2s 
Jx 


IWUVI \dVg 

_ jUtf +1 dx + o(8 2s ) 

U" + 5k s H ^) • Jt 


,2-2 s 


for d 15 ± | ), 
\VWi\ 2 dxdt + o(8) for (fl6l). 


(78) 


Step 2. Next, we calculate k s f x E(p) < W^ a .dvg. Assume that 5 e [1/2,1) and H = 0. Then 
| E{p)\ < Cp l ~ 2s , so we get 


K s f \E(p)YW 2 S(r dv Z j <C f t x ~ 2s W 2 dxdt = 
Jx ’ J Bf 0 


\ O ^ min l 2 A-2i) 

[o(d 2 |logd|) 


) 


if A * 2s + 2, 
if N = 2s + 2. 


(79) 
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On the other hand, if 5 e (0,1/2), then (fT4l) shows that k s J x E(p)'W 2 s(r dvg = 0(6) = o(S 2s ) so that 
we can neglect this term if problems d 15 ± | ) is considered. If N > 2s + 1, we have more accurate 
estimate 


p , In- is 

Ks E(p)’W$ a .dVg = K 
Jx 


= Ks 


2 

N-2s 


I 


Hp~ 2s 'W 2 cr dvg + 


x 

H(cr)6 


f 

J Ri 


[o(d 2 |logd|) 


t~ 2s W\dxdt + o(5). 


if iV 2.v + 2, 

if,V = 2s + 2 - (80) 


which is needed for problem (fl6l) . 

Step 3. Finally, we turn to estimate J G e ( r W^ 0 -)dvf l . To deal with whole cases, it suffices to 
compute that 


'1 := f 

Jm 


h := 



n|/P +1±e 

w 5 ,ct 

p + 1 ± e 


'U/P +1 

w 6,cr 

P+1 



and 



Since du- h = \f\h\dx = 1 - g RijXjXj + 0(|a'| 3 ), under the assumption that N > I it is plain to obtain 
for all i £ (0,1) that 

/] = I" u/! +i dx + o (d max * 2i ’ 1 *) and f - 6 2s (/(<x) f w\dx + o( 1)) . (81) 

Jr w v ’ \ Jr w / 


Besides one can calculate the integral h_ by applying Taylor’s theorem and the expansion (ae) he = 
1 + be\og(cie) + 0(e 2 \log e|) which holds for a > 0, b 6 R. and small e > 0, yielding 


H-[( 

Jr n \ 


/(de“f ( 


W —)e w P +1±e 


p + 1 + £ 


W‘ 

P 


,P + 1 \ 

\dx + O (d 2 | log 5|) 


= ±e 


P + 
e 


1 f P+h ,, < 1 « (N-2s) 2 

—- w\ log w\dx - (a log e + logd) 

+ 1 Jr^ 


4iV 


I" u /’ +1 dx 

Jr" 


(82) 


(P + l) 2 


J' w p+> dx + O^llogel) + o(d 2 \ logd|). 


From (I78l) - (l82l) and (I7TT) . estimations 
the proof. 


and (I70l) can be deduced at once. This concludes 

□ 


6.2 The C 1 -estimates 


The aim of this subsection is to improve Proposition 16. II by showing that the o(l)-terms go to 
0 in C 1 -sense. Unfortunately there is some technical difficulty in obtaining the C 1 -estimates, 
because the estimate ||d ) f « / i,(xll/ = 0(e y ) in (l67l) (and = 0(e y ) for 1 < q < q £ ) 

of the remainder term dv>,j (r is not so small compared with the blow up rate e~ a of the bubbles 
TbV'i.rr- especially when s is close to zero. In fact, the standard argument for the C 1 -estimates of 
J e (see e.g. Ipffl ) provides only the bound 0(e~ a+2y ) for the error term, which is not tolerated in 
(1831) and (1851 ) below. Nevertheless, we can achieve the C 1 -estimates by modifying some ideas in 
Esposito-Musso-Pistoia Il24ll . 

Proposition 6.4. Estimates (1691 ) and (I70l ) are valid C 1 -uniformly for (A, cr) £ (d/ 1 , A\) x M. Pre¬ 
cisely, the following holds for each fixed point Co £ M. Suppose that y £ R' v is a point near the 
origin. 

(i) Under the assumption of(i) in Proposition 16. / 1 we have 


—J e (A, e x Pao (y)) 


y = 0 e dy k 


y/(exp cro (?/))'* 2 ' v 


+ o(e) 


y =0 


(83) 
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for each 1 < k < N and 


—/ e (/t, cr) = e 


d\ sf(cr)A 


2s-1 


(N - 2s) 1 d 0 1 
4 N A 


+ o(e). 


(84) 


(ii) Under the assumption of(ii) in Proposition 16. / I we have 




y =o 


_L_ d 

— fl-2s - 

dy k 


c ^-f(e*Po- 0 (yW 2s + 


2N(N - 1) + (l - 4 s 2 ) 
4N(l - 2s) 


dsHiexp^iy^A 


y =o 


+ 0 6^ ( 85 ) 


for each 1 < k < N and 


— J e (A,cr) = 6'-2' 
dA 


disf(o~)A 2s 1 + 


2N(N - 1) + (l - 4s 1 ) 
4/V( I -2s) 


d s H(<r) 


y =o 


+ o(e 1 - 2 ' . (86) 


Let us note that ^ W £ <* A is a even function in x e M. N like the bubble W f » r i and has the same 
decaying property as W^\. From this fact we can see that all the error estimates in the proof of 
Proposition 16.11 hold exactly in the same manner even if they are differentiated in the 4-variable. 
This tells us that (l69l ) and (TTOl) hold in C 1 -sense with respect to A, i.e., (IMI) and (l86l) are true. Thus 
it only remains to show that (l69l) and (171)1) also hold in C 1 -sense with respect to cr, or equivalently, 
(1831) and (l85l) are valid. 

We fix cto e M and set cr(y) = exp (n .(y) for y e B N (0,4ro) (recall that 4ro > 0 is selected to be 
smaller than the injectivity radius of M) for conciseness. For the proof, we first need to establish 
several preliminary lemmas. 

Lemma 6.5. Recall the definition of the truncation function x\ which was introduced in m, and 
the fact that any point z € X located sufficiently close to cro £ M can be described as z - (cr(x), t) 
for some x e B N ( 0, 2rf) and t 6 (0, rf). Also fix any 1 < k < N. 


1. For any z, = ( o~(x ), t) near the point ctq, it holds that 

(z) = ~x\{\ (x, t)\)d k W 6 (x, t) + Q\{cr{x), t), (87) 

where Q\ is a function on X supported on the half ball B'- (cro, 2rf) {defined in (1481 ) ) satisfying 

WeiWfe = 0(6). 

2. For any z near the point cr o and 0 < i < N, we have 


f—Z'so-ty) (z) = ~Xt(\( x ’ t)\)d k Z' s (x, t) + Qj(cr(x), t) 

°yk ’ hj= o 

where cf is a function on X supported on Bt(o"o, 2ro) such that H^ll/g = 0( 1). 
Proof. Using the chain rule and Lcmma [A~2l we compute 
0 dWx dv\ 

-r—4V 6M y ) (z) =Xi (d(z,o-(y)))—^(S(y,x),t) + -^—(,d(z,cr{y)))W s {&(y,x),t) 
dyk dy k dy k 


( 88 ) 


N 


= xi (d(z, cr(ij))) 

7=1 


djW s (£(y, x), t) 


dFfy, x) 
dy k 


Wxi\(\(x-y,t)\) 

+ (J | O 2 ■ -r—, - 

\(x - y, t)\ N 2s 
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where we set 8(y, x) = cxpJ^.CcrU')) = (Sfy, x), ■ ■ ■ ,Sn(d, x)) e R- A? - Therefore replacing 
(cr(x), t) with (exp ir[J/ j(w), t) in the previous inequalities, we obtain 


—^-^(exp^U)^) 


N 


= (^((exp^lx), t), cr(r/))) 2 djW 6 (x, [y, cr" 1 (exp^J (x)) 

By (6.12) of 1441 . it holds that 


+ 0 , § ^ IYyiKKx,01) 


\(x, 01 


N-2s 


(89) 


dS; 


dS; 


{y> °- _1 (“p^)) w) _ = *) = ~ 6 kj + 0 (w 2 ) 


y =o 


5.% 


Taking i/ = 0 on the both sides of (l89l ) and inserting the above in the result yields 



N I 

= -Xi(\M\)d k W s (x,t) +Ari(l(JC,0l>2 [W(*,o] °(w 2 ) + op 

7=1 ' 

s-^ 

:=gi(x,t) 


IVyiKICf 01 ) \ 

\(x,t)\ N ~ 2s )' 


We readily find that ||pj \\^ e = 0(6), and thus arrive at the first equality (1571) . 

The same argument can be applied to prove the second equality (l88l) . The proof is completed. 

□ 


We remind from Proposition 14.51 that solves equation (l39l) . Hence for some constants 

Ci e 1,0 < i < N, we have 


N 


O 


: a A,tr - + /*-(/ (gei'Wf^A^cr + dV^o-))) + ^ c i^'e a A,cr- 


(90) 


i=0 


Lemma 6.6. In (l90l) . we have that Ci = 0(e y+a )for each 0 < i < N. 

Proof. Fixing any i e {0, • ■ ■ , /V| and taking the inner product Z l s J) - on (l90l) . we get that 


(4„. 4,),+E( z 0- 4,),- (mv. 4,), - f +© 4 „)z', r 

('WW, Z\ a ) f - £ g f (W 6 ,r)zQ + iJjg f W UT ) - g f nv t)jr + <tv))Z'- (r 


(91) 


where d = e°7l. Replacing O by 2', (r in the proof of Lemma l4~T1 and using the estimate 
0(e~ a ) instead of ||0||^ = 0(1), we may deduce that 

(TfV, Z[ l(T ) f - £ g f m^)Z 1 ^ = o (e y ~ a ). 

Next we apply Holder’s inequality to ascertain 


7‘ 


S,cr 


u 


/< 


(g f rw, )jr ) - gA^Ws.a + dV))Z^ = 0{j\g' £ fW s ., 

= 0(e y - a ). 


N • Khso- 2 N ■ -3x4 2 N 

n L^(M) 11 ’ u L7e^(M) 11 Acr 11 (M) 
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Combining these two estimates and (l59l ). we derive from (FJT1) that 


c i e- 2a + J]cjo(e- 2a )^0(ey- a ), 


which yields the desired estimate c,- = 0(e y+n ). 


□ 


Recall a fixed point cr 0 e M and the map cr(y ) = exp a Ay) defined for y 6 B N (0,4ro). In the 
next lemma, we shall replace the derivatives d yk f WsMy) an d with respect to the parame¬ 

ters by the derivatives dk'WsMy) ar| h dk^s,o-(y) with respect to the spatial variables in the expression 
of d yk J e {A, o-(y))\ y=0 . This will permit us to take integration by parts to evaluate d yk J £ (A, cr{y))\ y= Q. 
This idea was introduced in If24l where existence of the bubbling solutions for the two dimensional 
Lane-Emden-Fowler equation was examined. 

Take a cut-off function xi '■ (0, oo) —» [0,1] such that xi = 1 on (0,2ro) and 0 on (4ro,oo). 
Then we see that xi = 1 on supply i). We also set a function : R" +1 —> R by 


% 0 -C-r, 0 = T 2 (d{{cr{x), t), cr)) d> 6 ^(cr(x), t), 
which satisfies suppfcD^o-) c , and a function <£> k S(r : X —» R (k = 1, ■ ■ ■ , N) by 



(r, t) if z e X is near M so that it can be written as z = (exp (r (x), t), 
0 otherwise. 


Then we have the following result. 


Lemma 6.7. We have 


^e^^s,aiy) + ®6,cr(y))dy] ! ®d,<r(y)\y = o ~ + ^o-q)* l ) 5 jC r 0 + 0 (e 7 ) 


and 


UWs^y) + c I > ( 5 jCr (j / ))5 w TV ( 5 iO -(i / )|^ =0 



for fll5±| ). 


for (fT6l) . 


where z - (cr(x), t) e X satisfies d{z, erf) = |(x, t)\ < 2ro- 

Proof From (1901 ) and the fact that (Z. l S(T , = 0 for all cr e M, we see that 


I £ (fWs^a-fy) + ®d,<r(y))(dyk®6My)) 


N 


N 



i '=0 


i '=0 



‘+ 
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On the other hand, 


= X c ' (4,„o’ °to>/ 

1=0 

w r r - 

= X o K s I V|| fl_2s ( v (,Li(l(*> ODZ^x, o) , v (^A-$5,0-0?)))_ yfmdxdt 

;=n L oR" + 


(93) 


+ K s f £( 0*1 (K-^, ODZ^X, 0 < 9 <:$ 5 ,o-o(-X> t) yf\g\dxdt 

JB* +1 

+ f f(.o-(.x))xi{\x\)z' s (x)d k d>6,o- 0 (x,0) J\h\dx . 

Jrn 

Let us compare ( l92l) . for which y = 0 is taken, and (I93T) . Employing ( 1 1 41 ). (1281) . (1881) and the 
observation that ^ k ^J\^\ = 0(|(x, t)\) which stems from Lemma [2~4l and applying the integration 
by parts, we have 

E(t) (d yk Z l 6My) (cr(x), 0) ?/=0 $5,o- 0 C* 0 Mdxdt 

- I £(0*i (1C* t)\)Z‘ s (x, t)d k d> s ,o- Q {x, t) yf\^\dxdt 

J R^ +1 

< f o(r 2i )(([ yiI + |5ayiIXIClOI) + 0(|(x,OD) z^OdVoCM) dxdt 

J rJ +1 

| E(t)g' 2 (x, O$5,o- 0 (x, i) 

Mr ^ +1 

^IIl 2 (B+ ) II^Voll/ + E ll^ll/ ' ||®5,cr 0 1| j = 0(f y ) 

for s e (0,1/2). If 5 6 [1/2,1) and H = 0, the above term has abetter bound 0(e r ). Similarly, 

| f(o~(x)) [p yk Z l 6My) {cr{x), 0))^ =Q d? 6 ^(x, 0) yf\h\dx 

- f f(o-(x))xi(\x\)Zfi(x)d k ® StO - 0 (x,0)J\h\dx 

Jrn 


+ 

< c II r 2 ? z(-' 


f 

Jr a 


5a /(oX*))*i(W)\Ml 


4W$5,<ro(x,0)| C ?x+ I /(o-(x))p2(^,0)$ (5jO - 0 (x, 0) V|/r|d^ 
1 Jr^ 


< C I llZill 2N „ 

"LTKZ(B N (OAr 0 )) 


11 $5 cn 11 2N . + HpiO; 0)11 2N . 11 $5 era 11 2 y 

II <W) H LT^Ts(M) II 2 IIla c 57(M) | I ' ° n LN^(M) 


0(e (2s 


:—l)ar+y + 


')• 


Finally we use Lemmas f6.51l2.4l and l3.5l to get 

r t 1 * 25 {v d ykZ l SMy) (o-(x),t), VO Si0i y)(x,t))_ Viii dxdt 

^zR + 

- r t 1_2s (v (*i(|(x, t)l)Zl(x, 0 ), v (5a$5,o- 0 (jc, 0 ))- Vi^ \dxdt 

Jr" + 

< f f 1_2i |v (*i(|(x, t)|)Z'(x, 0)| 0(|(x, 01) + |v (<9a*i(|(x, 0I)Z^(x, ?))| 

*zR+ 

+ f f 1_2s 0| • |v$5,o- 0 (^> 0 ^JW\dxdt = O (e? r ). 

Jr " +1 1 


V$5,o-n(^> 0 


dxdt 
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Combining the above three estimates with Lcmma [C6l we reach at 

/eCWV + dv)(d w ® 6My} ) + = O(e^) • o(e-y- a + e ^-^ + y) = o(e 2r ) . 

It proves the first identity. 

We turn to prove the second identity. For this we apply Lemmas l3.51l6.5l and l6.6l to certify 


KiWtcriy) + ®6My))dy k 'Wg t0 -(y) + I' e {'Ws,cr Q + <b$,o- 0 )dk (x l(l(jc» t)\)Ws(x, t )) 

= 2 Ci \Z's tCro , dy^ dM y)\ y=0 +Xi(\(x, t)\)d k W 6 (x, t) +x\(\{x, t)\)d k \(x, t)\W s (x, t)j _ 
»—n J 


N 

= ^Ci(z l s>a . 0 , e\ + 


(=0 

tv 


= <9 


2 w ll z u 

Vi=0 


Vi(IU. t)\)d k \{x, t)\Ws(x, t))~ 


\ 



|c(|c,|e 1 - Q '|log e|) 


for ( |15 ± | ), 
for (fT6l) 


= 0(e’ y+a e- a e a ) + 


|o(e 1+r |log e|) 

\o(ey +a ) 


for ( |15 ± | ), 
for (fT6l) 


o(e) for ( |15 ± | ). 
0(e x+a ) ford). 


Here we also used 


{Z\^X», t)\)d k \(x, t)\W 6 (x, t)) f 



N-2s-l 



O (d 2i_1 | log d|) 
o(l) 


ifN>4s, 
if N >25+1. 


Our assertion is proved. □ 

Now we are ready to establish the desired C 1 -estimates of the reduced energy functional J f . 

Proof of Proposition 1 6. 4\ For the sake of simplicity, we identify = d k <t>^ (To and use an ab¬ 
breviation (xid k Wg)(z) = Xi(\(x,t)\)Ws(x,t) dehned for z = (cr(x),t) € X near cr 0 e M. We may 
assume that the domain of these functions is the Euclidean space R+ +1 . By the previous lemma, 
we have 


Is,a(y) + ^SMy)) yk^6,iT(y) + d yk ^sMy))\ 


y =o 


= -I'ei'Ws,r + <t>6,a)d k (xi W S + 


+ 


| o(e) for problems d 15 ± [ ), 
I o (e“) for problem (fT6l) . 


Let us decompose 


where 


and 


U'Wssr 0 + *\* a )d k (xi W S + ®6,a 0 ) = /J +/'+/' - l\, 

l = K s J~ N +1 t l ~ 2s (v (xi Ws + OvJ , Vd k {x\ Ws + dVo))- y/wxdt, 

I' 2 = Ks I E(t) (xi w s + O A>0 ) d k (xiW 5 + O^.o-o) yf\if\dxdt, 

J R* +1 

7 3 = I /VM) Cvri Ws + %o-o) d k (xi W S + dv 0 ) V \h\ dx 

Jrn v > 

I' 4 - g £ (xx Ws + dv 0 ) d k (xi Ws + d) 5;(ro ) J\h\dx. 

Jr n v ' 
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We will calculate each term to conclude the proof of Proposition 16.41 

1. Estimate of 7j. In this step, we only consider problem (fl6l) in order to ensure the finiteness of 
the value d s defined in the beginning of Subsection l6.ll To handle the other case ( |15 ± | ) is an easier 
task. 

Direct computation shows that 

r fl ~ 2s ( v ((! - X2)® s,a-o) » [x\ Ws + 05 , 0-0 ))- Vi W-xdt = O (e 27 ) . 

yJ R._j_ 

Thus we have 7{ = I' n + I' n + 0(e 2y ) where 

I'll = K s f t 1 ~ 2s g lJ di(xiWs + ®6,ao)djdk(x\W s + ®6,cr 0 ) ^\dxdt 

and 

I\2 = Ks J^ +| t l ~ 2s d t (x\ Ws + d,d k (x\ Wg + O d>0 ) y/\^\dxdt. 

We shall compute the term 7' j first. By (ITTl) . ( |44l ) and (l67l) . we discover 

I'u = ~T J^ N+l (&‘ J Viii) % (xiWg + O5,o-o) dj {x\ Wg + < JV 0 ) dxdt 


~ f fl 2s dk(g' j v/M) &i(Xi W s )dj(xiW s ) dxdt 
2 Jrv+i V > 


+ O 


f t 1 ^ 

J Rif+l 


|VCkriW5)| 


vo, 


'<5,0-0 


\(x, t)\dxdt + 


f 

Jr? +1 


■2s 


VO, 


(5,0-0 


dxdt 


(94) 


= ~T f M diWsdjWsdxdt + O (e 2y ) + [° ^ ) for ^> 4 ^ 

2 J B + ^ V 7 \ J | o(e o) for ,/V > 2 s + 1. 


Also Lcmnia [2~4l iniolics that 


and 


dk VM = ~ H kt - ^ (Rki + Rik) XI + o (|(x, Ol 2 ) 
d k h j = - - (R kl j + 7? lk V xi + hj N+])/< t + O (K*, 01 ). 


from which we obtain 


dk (g lJ Vm) = d kg lJ VM + g 1] dk VM 


\ {R\, j + R\ k j ) + U ,J (Rki + Rik ) XI + (h% +1Vc ~ 6 ij H k ) t + O (\(x, Ol 2 ) - 


Inserting this into ( l94l) and then applying (1441) as well as the relations li" 


,(N+l)k 


= 7r" , = 2H k and 


r t 1 - 2 * 

JBt 


xidjWgdjWgdxdt = 0 (by the odd symmetry of W d in the X|, ■ ■ ■ , xn variables), 
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we get 


/' = — U ij H k - h ij — f 

11 2 ' ,(N+i)k) N J rA 


t 2 ~ 2s \V x W 6 \ 2 dxdt 


k s 

+ 2 


+ O 

k, IN-2 


^ (R l kl j + R\ k J ) + ^ ij C Rki + Rik ) f t^xidiWsdjWsdxdt 

JB r 0 

C i 9 . 9 fo(e 2 ™) for TV > 4s, 

f 1 - 2 '|(*,0l 2 |VW (5 | 2 <fctf +0 (e 2 * + / ’ 

Jb+ J v 7 [o(e ) for A 7 >2s+l, 


2 AT 


#*<5 



for TV > 4 s, 

V ' |o(e") 

for TV > 2s + 1 


Next the term I' v is to be considered. In fact, one can observe that 

J'n = y f 7 1_2 ^(a,(^iW,5 + dVo)) 2 Viif dxdt 
^ B + . 

4r o 

= -jf + fl ~ 2i ' { d < (xi ^ + %,<r 0 )) 2 5, 

S 4r 0 

= T f t 1 - 2 * (d t Ws) 2 H k t + \ (Rki + Rik) x, + 0 (|(JC, 0I 2 ) 
2 JBt 0 [6 v ' 


dxdt 


= y»* f 

Consequently, 


22-2s 


+ 0(e 2 A + H e2S ") forAr>4 "’ 

' 7 |o(e®) for TV > 2s+1, 

9 / 9 v\ for N > 4s, 

(d t Ws) 2 dxdt + 0{e 2 A + \ X > 

v ’ o (e“) for TV > 2s+1. 


and (1721) give us that 


1[ = -jHuAe 1 


= K,H k Ae a 


L 


22-2 s 


JV+l 
■+ 

2TV - 2s - 1 
4TV 


TV-2 

TV 


IV.vWiI 2 + (W) 2 


Jxr/t + o (e“) 


| f t 2_2i |VlV 1 | 2 JxJt + o(e"). 

/ Jr ? +1 


2. Estimate of Performing the integration by parts, we have 

A = -y J" v | (E(0 Vi) (-EiWtf + ^s.o-o)" + 0 ( f2r ) ■ 

If s e (1 /2,1) and H - 0, then 


|/'| = 0 


J i t l - 2s \Wsl 2 dxdtj + O 


f ?1 

Jr)' +1 


■2s 


o, 


(5,o-o 


dxdt 


= o(<?°) + o(<?*) = H 

' 7 ' |o(e Q ') for (fT6l). 


( 95 ) 


(96) 


(97) 


(98) 


If s e (0,1/2), one finds from (fl4l) that |/(| = 0(d) + ()(e 2y ) = o(e) for equations ( | 1 5 ± [ ). Further¬ 
more, if TV > 2s + 1 is imposed, we can compute that 


/' - _ 2 £ 
12 ~ 2 


+ O 


= -K, 


k s /TV - 2s 


f 

J Ri 


r 

Jr)! 


TV+1 

TV-2s 


JV+1 

2j /1. ,2 

1 


d k H(cr(x))t 2s W 2 dxdt + <9 


Jr^ +1 v 7 ) 


- i\w£+xiW t , 


d>, 


(5,0-q 


+ <I>“ dxdt 


" (5,o-o 


( 99 ) 


A 


d k (H(o-(x)))\ x=0 6 I t~ 2s W 2 dxdt + o(8) 
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for equation (fT6l) . by utilizing (1521) . 
3. Estimate of /'. We have 


I 3 = J^ n dk |/(o-(a)) -\fih\j (xim + ®5,<r 0 ) 2 dx + O (e 27 ) 

= -: I dk (/V(x))) w]dx + f 0 (\x\) Lq w 6 + <IV 0 I dx 
2 Jra v ’ Jrn r 1 

~ I f dk ( f(o-(x ))) (Crl - 1 )«$ + 2xiws^>s,o- 0 + $^ 0 ) a/ 1 ^ 1 ^ + O (e 27 ) 

dV 0 | dx\ + o (e 2 ™ 1 ) + O (<r 7 ). 


= --7 f d k (f(cr(x))) wjdx + o( f 
2 Jra v ’ \Jb 

Applying Holder’s inequality, we estimate 


B N (0,2r 0 ) 


r « 

^(5,0-q 

JB N (0,2r 0 ) 



dx = 


0(ll^ll W )ll 0 ^ol^(M,) = 0(^ +7 )- 


Hence it follows that 



~\ AlSe dk (/(o-(x)))|^ =o J r n w\dx + o(e) 

0 


for ( |15 ± | ), 
for (fl6l) . 


( 100 ) 


4. Estimate of I' 4 . We will deal with the cases ( | 15_ [ ) only. The remaining case (IT6l) is similar, 
and especially, the small linear term efu of g e (u) for this problem (see (1401) ) can be taken into 
consideration as in the previous step. One has 


/;= f d k c e ( 

Jrn v 


XiWs + 


CO 


\h\dx + O (e 27 ) - - f G e ( X \ W S + ) 8 k yj\h\dx + O (e 27 ) 


- f G e (xiWs)d k Mdx+ f \g £ (xiW s ) - GJxiWs + Vs^Mdk J\h\dx + o(e). 
Jrn Jrn l v /j 


With the observation that d k yl$\ = ~ \ (Rki + R/k) xi + 0(|x| 2 ), we estimate the second term as 

f \g £ (xi Ws) - G e (xi + 3v (1 )| 0(\x\)dx 

Jrn 1 v y| 


f (Ckrt Ws) p±e 
J R N ' 

I 


^co + 


o, 


I p+l±€ 


S,(To 


Q(\x\)dx 


W^ + 1 + ( N+2s ) e | ;c | N+2s d x 


JB N (0,2r 0 ) 

0(e a+ v) + 0(e (p+l)y ) = o(e). 


N+2s 
2 N 


f I ®<5,cro 

Jr n 1 


p +1 \f+ | 

dx\ + C 


f 

J r a 


O, 


Aero 


p+ l±e 


dx 


In addition, we find 

G e (xiW s )d k 


f 

J R A 


xj\h\dx = W p+i+£ \x\ 2 dxj = O^e 27 ! log e|) = o(e ) 


given that N > 2. 

Collecting (I971)- (I100I ) and the above estimates completes the proof of the C 1 -estimates for 
J e . □ 
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7 Conclusion of the proof of Theorems 11.11 and [L2] and some remarks 


In this section, we complete the proof of our main results. 


Proof of Theorem 17.71 
If we let 

J(fcr) 


Suppose that cr 0 e M is a C 1 -stable critical point of / such that f{crf) > 0. 
= y/(cr )A 2s - (N ^ d ° log A for (A, CT) e (0, oo) x M 


and 


/ (TV - 2^) 2 ^q \ 2 
l 47V/(cr 0 )(7i / 


then it follows from the invariance of the Brouwer degree under a homotopy that (do, fro) is a Ca¬ 
stable critical point of J (refer to the proof of Theorem 1.1 in R51 ). Therefore, by Propositions 16. II 
and 16.41 there exists a critical point (A e , cr e ) e (0, oo) x M of J e in (l69l) for sufficiently small e > 0 
such that (T e ,cr e ) —> (do, (Tq) as e —> 0. This fact and Proposition 15. 1 1 imply that (15_) attains a 
positive solution. As a consequence, we see from Proposition 12. 1 1 that its trace on M solves (1_), 
deducing the conclusion. 

If there is a C 1 -stable critical point cr 0 e M of f such that /(o"o) < 0, then the same argument 
provides solutions of equations (15 + ), and so those of (1 + ). This concludes the proof of Theorem 

rm □ 


Proof of Theorem 17721 Under our assumptions existence of solutions to (|2]) follows from Proposi¬ 
tions l6d~l l6dfl 15711 and I2TT1 Observe that d(cr) is the unique value such that |/(d(cr),cr) = 0 for 
each cr e M fixed, and V.7(d(cr), cr) = 0 if and only if cr is a critical point of the function 


•/(cr) := 7(d(cr),cr) = ±(cfs)'-^ 


I 47V(1-2j) / 1-2j W |/(cr)| 

\(27V(7V - 1) + (1 - 4s 2 ))d s J \ 2s j\|//(fr)| 2 ^ 


1 

l-2,v 


Hence cr 0 should be a critical point of \f\/\H\ 2s . The proof is finished. 


□ 


We conclude this section, raising some additional questions regarding our main result. 

First of all, one may ask the compactness issue for equations © with f = 0. For the local 
case (s = 1), if the dimension A of a manifold M satisfies N < 24, the positive mass theorem 
holds for M and the nonlinearity is slightly subcritical or critical, then the solution set for ( fTTT ) is 
pre-compact as shown by Khuri, Marques and Schoen Il37l . On the other hand, if N > 7 and the 
nonlinearity is slightly supercritical, then Esposito and Pistoia ll25l proved that there is a family of 
solutions to fQ which blow-up at a maximum point of the function x —» ||\Vcyl^(A')||/, defined for 
x e (M, h). We think that a similar phenomenon may happen for the nonlocal case too, but do not 
have any definitive answer yet. 

Secondly, the behavior of equation ([2]) in the case H = 0 has to be understood. Notice that 
the main order in the energy expansion (I70l ). computed with the assumption H T 0, is eT3 whose 
exponent is well-defined (namely, positive) only if s e (0, 1/2). It would be interesting to figure 
out how this is related to the fact that the characterization of Pi in terms of extension problems 
is valid for any H only if s e (0, 1/2], while the case s = 1/2 is quite special in that it arises 
from the purely local problem - the boundary Yamabe problem. On the other hand, if 77 = 0, the 
correct choice of a in (1381) and the main order of the energy expansion would be and e 2n ' 5 >, 
respectively, hence it makes sense for any s e (0,1). However, controlling this case is technically 
harder, since one needs to improve the accuracy of approximate solutions. Such an additional 
difficulty also arose in the local cases (s = 1,2) in lf26l and ll46l . 

In both problems, we suspect that the governing function for the blow-up location has a rela¬ 
tionship with the norm of the second fundamental form ||7r||; ; or that of the Weyl tensor HWeyl^H^. 
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In (23 Eg, one can observe how the Weyl tensor carries out its role in the fractional Yamabe 
problem. 

Currently a theory for the higher order fractional Paneitz operator (y e (1,2)) is being devel¬ 
oped (see e.g. HU)- It seems natural to formulate analogous problems for these operators. We 
also believe that equation (1+) should have bubble-tower type solutions as in l47l . 

Acknowledgement. The authors would like to express their sincere gratitude to Professor A. 
Pistoia for her valuable comments. W. Choi was supported by the Global Ph.D Fellowship of the 
Government of South Korea 300-20130026. Also, S. Kim has been supported by FONDECYT 
Grant 3140530, Chile. 


A Proof of Lemma 13751 


In this appendix, we justify Lemma [331 which describes the decay of the bubble Wg. The proof 
will be achieved once we combine Lcmmas lA. 1 1 and [701 

Lemma A.l. Let 0 < s < 1 and aeR Also fix 0 < R\ < R~> and denote Af , = 

J d 1 R26 1 R \ 6~ v 

Then, as 6 —> 0, we have the estimates 


and 



-- — - dxdt = 

|(*, t)\ N+2 ~ 2s+a 

t 2s-l 

- —-—dxdt = < 

|(x, t)\ N+2s+a 


[OUT) 

(I log <5|) 

0(5 a ) 

O (I log (5|) 


for a ± 0, 
for a = 0, 


for a ± 0, 
for a = 0. 


Proof The second inequality follows from the first inequality by substituting s with 1-5. To 
prove the first inequality, we decompose the domain of integration 


Ag-i = U {|f| > |*|}) U (a+_j U {\t\< |*|}) 


and estimate each part separately. If \t\ > |*|, then it holds that \t\ < |(x, t)\ < V2|f|. Hence we get 
,1-2,5 r i 


L 


u{|r|>|jc|} l(2C, t)\ N+2 


-2 s+a 


dxdt < maxjl, V2 2 ' 1 


A* jU{|f|>W} 


I (x,t)\ N 


+1 -fa 


< c 


L 


i 


\{x, 01 


JV+l+a 


dxdt = 


dxdt 


for a + 0, 


| O (6 a ) 

} O (| log d|) for a = 0. 


If |f| < |*|, then we have that ^ < -2=|(x, 01 < U| < |(x, 01 < 2 6 1 for (*, t) € Af t . Consequently, 



,t—2s 


U{|f|<|x|[ |(X, t)\ N+2 2s+a 


dxdt < 


r r -if 


-2 s+a 


dtdx 


1 

1-5 

1 

1-5 


£ 


^<W<25-‘ 


|x| 2 - 2 ^ 

\x\N+2-2s+a 


£ 


i 


^<W<25->} \x\ 


\N+a 


dx = 


dx 

iO(6 a ) 

10(1 log <5|) 


for a + 0, 
for a = 0. 


Combination of the above two estimates yields the desired inequality, concluding the proof. □ 
Lemma A.2. Assume that |(x, 01 > Bo for some fixed Rq > 0 large. Then we have the validity of 
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and |VWi(jc, ?)l < 


(i) Wfx,t)< 


l(*,f)r 


KxOI A 


— + 


Ct 2s ' 


lw)l A 


c 


c 


and \VdiWiix, 01 < 


c 


|Ot,f)| Ar ~ 2f+2 + |(x,/)|' v+2l+ 


Ct 2 


j and ^ d§W fx,t)\ < 


(ii) \diW\(x, t)\ < 

(iii) \d 6 Wi(x,t)\ < |fe0|jV _ 2l 
for some C > 0 determined by N, s and Rq. 

Proof. We initiate the proof with recalling Green’s representation formula 


-fori = 1,2 - ,N. 


l(v)l A 


l(-*,OI A 


W S (x, t) = Q/v, 


f 

J R A 


W+2s 

w s (y) s- 2 S 


-dy = b,v jS 


f 

J R A 


1 


-dy (101) 


\{x - y, t)\ N 2s ’ Jra' \6 2 + \y\ 2 ) \{x - y, t)|' v ' 2 * 

where a,v v and b,y v are positive constants depending only on N and s (see llT4l Subsection 2.3]). 
The proof consists of 3 steps. 

Step 1: Estimates ofW\. We split the situation into two cases. 

Case 1. Assume that \x\ < |f|. Since |(x, t)\ < V2|f|, we obtain 


W](x 


, t) < by v J 

Jr^ 


1 1 , c c 

- dy = < 


V (i + i t\ N ~ 2s \t\ N ~ 2s - \(x, or- 2 * ' 

Case 2. Assume next that \x\ > |/|. Then we observe from |(x, t)\ < V2|x| that 


W,(x 


, 0 < i'/V,.v J 

Jr a 


1 c c 

-dlj = wfx) < — rr-r- < 


(1 + 1 ^ 2 )^ \x - y\ N ~ 2s ~ \x\ N ~ 2 * ~ |(jc, 01^ ‘ 

Putting these two estimates together, we get the first inequality of (i). 

Step 2: Estimates of\S7Wi\. Again we deal with the two mutually exclusive cases. 

Case 1. Suppose \x\ < |/|. Then, from we have |(x, l)\ < V2|f|, we see that 


|V fef )Wi(x,f)| < b W;i f 
Jr 

£C £ 

£C f, 


i 


(i + M 2 H 

l 


l 


^ (x ’ ty \(x-y,t)\ N - 2s 

1 


dy 


(l + lyl 2 )^ \(x-y,t)\ N 


-2i+l 


dy 


( 102 ) 


1 


1 t C 

-dy = . < 


C 


V (1 +1 y\2)^ |fp 2i+1 kl w-2l+1 " ju or- 2i+1 ' 

Case 2. Assume that \x\ > |r| so that we get |(x, t)\ < V2|x|. By integration by parts, we deduce 

1 _ / 1 


V x Wi(x,t) = -b, v , 


f 


m.» ( l + \y\ 2 ) ! ¥ lVy \\(x-y,t)\ N - 2s 

1 _ / 1 


-f 

J\U 


\y-x\>'4 (1 + \y\ 2 )^ \\(x-y,t)\ N 


t-2 s 


dy 

dy 


f 

J\u~. 


\y-x\<k 


dy 


f 

J\u-x 


VydSy 


(1 + \y\ 2 )^ J 10 - V’ Or 2i J\y-x\='4 (1 + \y\ 2 )^ 10 - y, 01 


aN-2 S 


where v y and dS y is the outward unit normal vector and the surface measure on the sphere \y-x\ = 


y, respectively. Hence, realizing that \y\ > y if \y - x| < y, we derive from the above that 


hi 


Id 


|V,W!(X,0I 

C 


< 


M 


= o 


N-2s+\ 


r l c r i /ixi^ -1 ) 

V + l(x - v. or - 2 * y + J 


\x\ 2N ! (103) 


1 


\x\ 


N-2s+l 


+ o 


1 


\x\ 2s \ + 0 


1*1 


w+2i+l 


\x\ 


\N-1 


c 


< 


c 


\x\ 2N ) ~ \x\ N ~ 2s+l - \(x, t)\ N ~ 2s+1 ’ 
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which with (11021 ) implies the first inequality of (ii). 

On the other hand, for \x\ > |?| and \y - x| > we have 

1 t 


f 


\y-x\>'4 (l + |x-y| 2 )^ \(y>t)\ 


N-2s+2 


dy < 


M w+2i L \{y,t)\ N ~ 2s+2 


dy 


i r t-t N 

~ s Jr" t N ~ 2s+2 \(y, 1)1 


Ct 


2s-1 


Moreover for \x\ > \t\ and \y - x\ < y, it holds that \y\ > from which we find 


|x| w+2i 

Ct 2s ~ l 

|x| w+2i “ |(x,f)r +2, ‘ 

M 


N-2s+2 


dy 


(104) 


f 


1 


\y-A<4 (l + \x - y| 2 ) 2 s \(y, 01 


N-2s+2 


dy < 


\x\ N ~ 2s+2 

Ct 


f 

Jr* 


. Z \— 
(1 +\x-y | 2 ) 2 

Ct 


\x\ 


N-2s+2 ~ 


\(x,t)\ N 


-2s+2 ~ 


c 


(105) 


\(x, 01 


/V-2J+1 


As a result, thanks to (11041 ) and (11051) . we obtain 

1 t 


IW(x,0l<C f ■ 
J i 


f 2i-l 


-dy < 


+ 


(i + |jc - i/p)^ \<y, or- 2 - 2_ kjc, or +2 * \(x, or- 2 - 1 ' 

Now (11021) . (11031) and (11061) give us the second inequality of (i). 


(106) 


Step 3: Estimates of |V0,4ki |, \d»W\ \ and |V0 () VV , | |. Following the same procedure which was 
applied to W\ and VW] in Steps 1 and 2, one can find an upper bound of |V5, Wi| for each i = 
1, , N, and in particular the second inequality of (ii). 

Meanwhile, we discover from (1 10 II ) that 


Because 


d s W](x,t) = 

\\y \ 2 -1 


N + 2s 


f 

J r a 


It/I 2 - 1 


1 


< 


(1 + \y\ 2 )^ +1 \(x-y,t)\ 

1 


N-2s 


dy. 


for any y e 


N 


(l+|i/| 2 )^ + 1 (l+|i/| 2 ) — 

we can get (iii) by adopting the argument in Steps 1 and 2 once more. This completes the proof. □ 


References 

[1] W. Abdelhedi, H. Chtioui and H. Hajaiej, A complete study of the lack of compactness and existence 
results of a fractional Nirenberg Equation via a flatness hypothesis: Part I. , preprint, arXiv: 1409.5884. 

[2] Adimurthi and S. L. Yadava, Positive solution for Neumann problem with critical non linearity on 
boundary. Comm. Partial Differential Equations 16 (1991), 1733-1760. 

[3] S. Almaraz, Blow-up phenomena for scalar-flat metrics on manifolds with boundary, J. Differential 
Equations 251 (2011), 1813-1840. 

[4] T. Aubin, Equations dijferentielles non lineaires et probleme de Yamabe concernant la courbure 
scalaire, J. Math. Pures Appl. 55 (1976), 269-296. 

[5] B. Barrios, E. Colorado, A. de Pablo and U. Sanchez, On some critical problems for the fractional 
Laplacian operator, J. Differential Equations 252 (2012), 6133-6162. 

[6] S. Brendle, Blow-up phenomena for the Yamabe equation, J. Amer. Math. Soc. 21 (2008), 951-979. 

[7] S. Brendle and F. Marques, Blow-up phenomena for the Yamabe equation II, J. Differential Geom. 81 
(2009), 225-250. 


37 




































[8] X. Cabre and Y. Sire, Nonlinear equations for fractional Laplacians, 1: Regularity, maximum principles, 
and Hamiltonian estimates, Ann. Inst. H. Poincare Anal. Non Lineaire 31 (2014), 23-53. 

[9] X. Cabre and J. Tan, Positive solutions of nonlinear problems involving the square root of the Laplacian, 
Adv. Math. 224 (2010), 2052-2093. 

[10] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian, Comm. Partial 
Differential Equations 32 (2007), 1245-1260. 

[11] J. S. Case and S.-Y. A. Chang, On fractional GJMS operators, preprint, arXiv: 1406.1846. 

[12] S.-Y. A. Chang and M. d. M. Gonzalez, Fractional Laplacian in conformal geometry, Adv. Math. 226 
(2011), 1410-1432. 

[13] Y.-H. Chen, C. Liu and Y. Zheng, Existence results for the fractional Nirenberg problem, preprint, 
arXiv: 1406.2770. 

[14] W. Choi, S. Kim and K. Lee, Asymptotic behavior of solutions for nonlinear elliptic problems with the 
fractional Laplacian, J. Func. Anal. 266 (2014), 6531-6598. 

[15] J. Davila, M. del Pino and Y. Sire, Nondegeneracy of the bubble in the critical case for nonlocal 
equations, Proc. Amer. Math. Soc. 141 (2013), 3865-3870. 

[16] J. Davila, M. del Pino and J. Wei, Concentrating standing waves for the fractional nonlinear 
Schrodinger equations, J. Differential Equations 256 (2014), 858-892. 

[17] J. Davila, L. Lopez and Y. Sire, Bubbling solutions for nonlocal elliptic problems, preprint, 
arXiv:1410.5461. 

[18] S. Deng and A. Pistoia, Blow-up solutions for Paneitz-Branson type equations with critical growth, 
Asymptot. Anal. 73 (2011), 225-248. 

[19] O. Druet, From one bubble to several bubbles: the low-dimensional case, J. Differential Geom. 63 
(2003), 399-473. 

[20] O. Druet, Compactness for Yamabe metrics in low dimensions, Int. Math. Res. Not. 23 (2004), 1143- 
1191. 

[21] O. Druet and E. Hebey, Blow-up examples for second order elliptic PDEs of critical Sobolev growth, 
Trans. Amer. Math. Soc. 357 (2005), 1915-1929. 

[22] O. Druet and E. Hebey, Elliptic equations of Yamabe type, Int. Math. Res. Surv. 1 (2005), 1-113. 

[23] I. F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat metric with constant 
mean curvature on the boundary, Ann. of Math. 136 (1992), 1-50. 

[24] P. Esposito, M. Musso and A. Pistoia, Concentrating solutions for a planar elliptic problem involving 
nonlinearities with large exponent. I. Differential Equations 227 (2006), no. 1, 29-68. 

[25] P. Esposito and A. Pistoia, Blowing-up solutions for the Yamabe problem, to appear in Portugaliae 
Mathematic a. 

[26] P. Esposito, A. Pistoia and I. Vetois, The effect of linear perturbations on the Yamabe problem. Math. 
Ann. 358 (2014), 511-560. 

[27] M. d. M. Gonzalez, Gamma convergence of an energy functional related to the fractional Laplacian, 
Calc. Var. Partial Differential Equations 36 (2009), 173-210. 

[28] M. d. M. Gonzalez, R. Mazzeo and Y. Sire, Singular solutions of fractional order conformal Lapla¬ 
cians, J. Geom. Anal. 22 (2012), 845-863. 

[29] M. d. M. Gonzalez and I. Qing, Fractional conformal Laplacians and fractional Yamabe problems. 
Analysis and PDE 6 (2013), 1535-1576. 

[30] M. d. M. Gonzalez and M. Wang, Further results on the fractional Yamabe problem: the umbilic case, 
preprint. 

[31] C. R. Graham and I. M. Lee, Einstein metrics with prescribed conformal infinity on the ball, Adv. 
Math. 87 (1991), 186-225. 


38 


[32] C. R. Graham and M. Zworski, Scattering matrix in conformal geometry, Invent. Math. 152 (2003), 
89-118. 

[33] T. lin, Y. Y. Li and J. Xiong, On a fractional Nirenberg problem, part I: blow up analysis and com¬ 
pactness of solutions, J. Eur. Math. Soc. 16 (2014), 1111-1171. 

[34] T. lin, Y. Y. Li and J. Xiong, On a fractional Nirenberg problem, part II: exisence of solutions, to 
appear in Int. Math. Res. Not. 

[35] T. Jin, Y. Y. Li and J. Xiong, The Nirenberg problem and its generalizations: A unified approach, 
preprint, arXiv: 1411.7543. 

[36] T. Jin and J. Xiong, A fractional Yamabe flow and some applications, J. Reine Angew. Math. 696 
(2014), 187-223. 

[37] M. Khuri, F. Marques and R. Schoen, A compactness theorem for the Yamabe problem, J. Differential 
Geom. 81 (2009), 143-196. 

[38] S. Kim, M. Musso and J. Wei, A non-compactness result on the fractional Yamabe problem in large 
dimensions, preprint. 

[39] Y. Y. Li, On a singularly perturbed elliptic equation, Adv. Differential Equations 2 (1997), 955-980. 

[40] Y. Y. Li and M. Zhu, Yamabe type equations on three dimensional Riemannian manifolds, Commun. 
Contemp. Math. 1 (1999), 1-50. 

[41] E. H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. of Math. 
118(1983), 349-374. 

[42] F. C. Marques, Existence results for the Yamabe problem on manifolds with boundary, Indiana Univ. 
Math. J. 54 (2005), 1599-1620. 

[43] R. R. Mazzeo and R. B. Melrose, Meromorphic extension of the resolvent on complete spaces with 
asymptotically constant negative cun’ature, J. Func. Anal. 75 (1987), 260-310. 

[44] A. M. Micheletti and A. Pistoia, The role of the scalar cun’ature in a nonlinear elliptic problem on 
Riemannian manifolds. Calc. Var. Partial Differential Equations 34 (2009), no. 2, 233-265. 

[45] A. M. Micheletti, A. Pistoia and J. Vetois, Blow-up solutions for asymptotically critical elliptic equa¬ 
tions on Riemannian manifolds, Indiana Univ. Math. J. 58 (2009), 1719-1746. 

[46] A. Pistoia and G. Vaira, On the stability for Paneitz-type equations, Int. Math. Res. Not. (2013), 
3133-3158. 

[47] A. Pistoia and J. Vetois, Sign-changing bubble towers for asymptotically critical elliptic equations on 
Riemannian manifolds, J. Differential Equations 254 (2013), 4245^-278. 

[48] J. Qing and D. Raske, On positive solutions to semilinear conformally invariant equations on locally 
conformally flat manifolds, Int. Math. Res. Not.(2006), Art. ID 94172, 20 pp. 

[49] R. M. Schoen, Conformal deformation of a Riemannian metric to constant scalar cun’ature, J. Differ¬ 
ential Geom. 20 (1984), 479-495. 

[50] P. R. Stinga and J. L. Torrea, Extension problem and Harnack’s inequality for some fractional opera¬ 
tors, Comm. Partial Differential Equations 35 (2010), 2092-2122. 

[51] N. Trudinger, Remarks concerning the conformal deformation of Riemannian structures on compact 
manifolds, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 22 (1968), 265-274. 

[52] J. C. Wei and C. Zhao, Non-compactness of the prescribed Q-curvature problem in large dimensions. 
Calc. Var. Partial Differential Equations 46 (2013), 123-164. 

[53] H. Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka Math. J. 12 
(1960), 21-37. 


(Woocheol Choi) Department of Mathematical Sciences, Seoul National University 
E-mail address : chwcl987@math. snu. ac .kr 

(Seunghyeok Kim) Facultad de Matematicas, Pontificia Universidad Catolica de Chile, Avenida Vicuna Mackenna 

4860, Santiago, Chile 

E-mail address'. shkim0401@gmail. com 


39 


